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The T-spherical fuzzy set (T-SFS) has emerged as a powerful and flexible 
framework for modelling uncertainty and ambiguity in decision-making 
processes. In this study, we examine the integration of Sugeno–Weber (SW) t-
norms within an interval-valued T-spherical fuzzy (IVT-SF) environment. 
Based on this framework, a novel family of aggregation operators is 
developed, including the interval-valued T-spherical fuzzy Sugeno–Weber 
power averaging (IVT-SFSWPA), power geometric (IVT-SFSWPG), power-
weighted averaging (IVT-SFSWPWA), and power-weighted geometric (IVT-
SFSWPWG) operators. The proposed operators are analyzed in terms of their 
fundamental properties and special cases, demonstrating their flexibility and 
effectiveness in handling complex decision-making problems. In addition, a 
new multi-attribute decision-making (MADM) method is developed within 
the IVT-SF environment. Furthermore, a comparative analysis with existing 
approaches is conducted to highlight the superiority, robustness, and 
practicality of the proposed aggregation operators. The results indicate that 
the proposed method provides more consistent and reliable decision-making 
outcomes. This study advances fuzzy decision-making methodologies and 
offers a promising approach to addressing real-world problems in dynamic, 
complex environments. 
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1. Introduction 

The concept of the fuzzy set (FS) was first proposed by Zadeh [1]. In this theory, an element's 
membership in a set is represented by a membership grade (MG). However, it was later observed 
that the applicability of FSs is limited because they consider only the MG of an element. To address 
this limitation, Atanassov [2] introduced the intuitionistic fuzzy set (IFS), which incorporates both 
membership grade (MG) and non-membership grade (NMG). The IFS framework has been 
successfully applied to many real-world problems and has attracted considerable attention from 
researchers. Nevertheless, the IFS model is constrained by the condition that the sum of MG and 
NMG must belong to the interval [0,1]. 
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To overcome this limitation, Yager [3] introduced the concept of the Pythagorean fuzzy set (PyFS), 
which extends the IFS framework to handle uncertain and inconsistent information more effectively. 
In PyFSs, the sum of the squares of MG and NMG is restricted to the interval [0,1]. 

In 2017, Yager [4] further generalized the theory of PyFSs by relaxing their structural constraints 
and proposed the concept of q-rung orthopair fuzzy sets (q-ROFSs). This extension provides a more 
flexible and comprehensive framework under the condition 0 ≤ 𝑏𝑞 + 𝜙𝑞 ≤ 1, where 𝑞 ≥ 1. 

To further address uncertainty in decision-making (MD), Cuong [5] introduced the concept of 
picture fuzzy sets (PFSs), which extend IFSs by incorporating MG 𝑏, abstinence grade (AG) 𝑝, and 
NMG 𝜙, subject to the condition 0 ≤ 𝑏 + 𝑝 + 𝜙 ≤ 1, where 𝑏, 𝑝, 𝜙 ∈ [0,1]. PFSs provide a more 
effective way of handling situations involving neutrality and hesitation. 

Subsequently, Mahmood et al., [6] proposed the spherical fuzzy set (SFS), which is considered a 
generalized form of the PFS. In the SFS and T-SFS framework, the condition (𝑀𝐺𝑞 + 𝐴𝐺𝑞 +
𝑁𝑀𝐺𝑞) ≤ 1, where 𝑞 ∈ ℤ+, allows greater flexibility in representing uncertain information. This 
model significantly expands the domain and applicability of FS theory. 

 
2. Literature Review 

The increasing application of MADM approaches has attracted significant attention in the 
evaluation of electric vehicles. In [7], an MADM framework was applied for the assessment of electric 
vehicles. Similarly, electric passenger cars were selectively evaluated using MADM techniques in [8]. 
In [9], an MADM-based smart framework for electric vehicle charging and traction systems was 
proposed. Furthermore, [10] evaluated conventional fuel-powered vehicles with environmentally 
friendly characteristics using MADM methods. An improved MADM optimization and life-cycle 
assessment tool for passenger vehicles was introduced in [11]. In [12], vehicle emissions from oil-
powered automobiles were investigated, while [13] focused on the long-term persistence of 
hydrocarbons in fuel emissions. Carson’s life-cycle assessment for average passenger vehicles based 
on liquid and gaseous fuels was discussed in [14]. Moreover, [15] examined passenger vehicle 
evaluation using a scenario-based assessment framework. Sarfraz et al., [16] proposed an approach 
based on IFSs for determining attribute priorities. 

Zhou et al., [17] introduced the concept of artificial intelligence (AI), while Shan et al. [18] 
developed a theoretical framework for AI based on technological advancements. Zhou et al. [19] 
applied AI-based software techniques, and Yang et al., [20] further advanced AI software 
applications. Liu et al., [21] contributed to the development of AI methodologies, whereas Wan et 
al., [22] explored the use of AI-based software systems. 

Ghodousian et al., [23] investigated the Sugeno–Weber (SW) t-norms using nonlinear 
optimization techniques. Kauers et al., [24] developed the theoretical foundations of SW t-norms in 
the context of fuzzy set theory. Farahbod et al., [25] conducted a comparative study between classical 
t-norms and SW t-norms, while Troiano et al., [26] analyzed the statistical estimation of parametric 
models based on SW operators. 

Furthermore, Ghodousian et al., [27] introduced the concept of fuzzy connectivity symmetry 
using SW t-norms. Wang et al., [28] developed SW-based differential anisotropic models for 
dominant t-norms. Senapati et al., [29] proposed the application of SW t-norms within families of 
aggregation operators, whereas Sarfraz et al., [30] investigated the role of SW operators in nonlinear 
fuzzy relational equations. 

In addition, Senapati et al., [31] presented an application of SW t-norms with constant factor 
terms in probabilistic metric spaces. Finally, Ullah et al., [32] applied SW t-norms to unified 
aggregation operators, further demonstrating their flexibility and applicability in advanced fuzzy DM 
frameworks. 
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2.1 Motivation and Contribution 
In this study, we developed several powerful mathematical frameworks by integrating three 

different theoretical concepts. Based on these theories, a novel family of aggregation operators (AOs) 
was proposed, including the IVT-SFSWPA, IVT-SFSWPG, IVT-SFSWPWA, and IVT-SFSWPWG operators. 
These operators were investigated in detail, together with their important mathematical properties 
and special cases. 

Furthermore, the applicability and effectiveness of the proposed AOs were evaluated through 
the developed mathematical strategies. An advanced MADM framework was also designed to 
manage uncertain, inconsistent, and redundant human opinion data more effectively. In addition, a 
numerical example was analyzed to demonstrate the practicality of the proposed approaches in 
identifying the most suitable renewable AI alternative under specific dominant criteria and 
characteristics. 

The remainder of this paper is organized as follows. Section 2 presents the fundamental concepts 
of IVT-SFSs and the working principles of the SW TN. It also discusses the operational laws of SW TN 
in the IVT-SFS environment. Section 3 introduces several SW TN operational laws associated with IVT-
SFSs and proposes a new family of aggregation operators designed for intelligent decision-making 
processes. Section 4 develops a novel MADM methodology (Figure 1) based on the proposed 
aggregation operators and provides a detailed numerical illustration to demonstrate the applicability 
of the proposed model. Moreover, a comparative analysis between the proposed and existing 
methods is conducted to validate the reliability, consistency, and superiority of the developed 
approach. Finally, Section 5 concludes the study by summarizing the major findings, contributions, 
and future research directions. 

 

 
Fig. 1. Defines the Structure of the Article 
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2. Preliminaries 
In this section, we examine the fundamental concepts of T-spherical fuzzy sets (T-SFSs) and 

Sugeno–Weber (SW) triangular norms, together with their operational laws, to establish the 
theoretical foundation of the proposed study. 

Definition 1 [30]: A T-spherical fuzzy set ̃𝛼 of the universe of discourse 𝜗 is given by: 

𝛼 = {⟨𝕛, (𝜇(𝕛), 𝜈(𝕛), 𝜋(𝕛))|𝕛 ∈ 𝜗⟩} 

Where 𝜇(𝕛): 𝜗 → [0, 𝟙], 𝜈(𝕛) ∶ 𝜗 → [0, 𝟙] and 𝜋(𝕛) ∶ 𝜗 → [0, 𝟙] that defines the degrees of MG, 
NMG and hesitancy of respectively and 

0 ≤ 𝜇⊿(𝕛) + 𝜋⊿(𝕛) + 𝑣⊿(𝕛)  ≤  𝟙 ∀𝕛 ∈ 𝜗 
We called 𝛼  (𝜇, 𝜈, 𝜋)a SFN. 
Definition 2 [31]:  An interval-valued T-spherical fuzzy set α of the universe of discourse 𝜗 is 

defined as follows. 𝛼 = {𝕛, ([𝜇𝒢(𝕛), 𝜇𝑢(𝕛)], [𝜈𝒢(𝕛), 𝑣𝑢(𝕛)], [𝜋𝒢(𝕛), 𝜋𝑢(𝕛)]𝕛 ∈ 𝜗)} and 0 ≤
((𝜇)⊿)𝑢(𝕛) + ((𝑣)⊿)𝑢(𝕛) + ((𝜋)⊿)𝑢(𝕛) ≤ 𝟙 . Here 𝜇(𝕛) = [𝜇𝒢(𝕛), 𝜇𝑢(𝕛)], 𝑣(𝕛) =

[𝑣𝒢 (𝕛), 𝑣(𝕛) ], 𝜋(𝕛) = [𝜋𝒢  (𝕛), 𝜋𝑢 (𝕛) ]. the expression 𝑟(𝕛) = [𝑟𝒢(𝕛), 𝑟𝑢(𝕛)] =

[√𝟙 − ((𝜇)𝑢)⊿(𝕛) + ((𝑣)𝑢)⊿(𝕛) + ((𝜋)𝑢)⊿(𝕛),√𝟙 − ((𝜇)𝒢)⊿(𝕛) + ((𝑣)𝒢)⊿(𝕛) + ((𝜋)𝒢)⊿(𝕛)] is 

termed as DR. We call 𝛼 = (𝜇, 𝑣, 𝜋) = ([𝜇𝒢(𝕛), 𝜇𝑢(𝕛)], [𝜈𝒢(𝕛), 𝑣𝑢(𝕛)], [𝜋𝒢(𝕛), 𝜋𝑢(𝕛)]) an IVT-SF 
number. Operation on interval-valued T-spherical fuzzy sets: 

Definition 3 [33]: Consider  ∆𝟙= ([𝜇𝟙
𝒢(𝕛), 𝜇𝟸

𝑢(𝕛)] , [𝜋𝟙
𝒢(𝕛), 𝜋𝟸

𝑢(𝕛)] , [𝑣𝟙
𝒢(𝕛), 𝑣𝟸

𝑢(𝕛)]),  be an IVT-SFV. 

Then 

𝑆𝑐𝑜(∆𝟙) =
𝜇𝟙
𝒢⊿
+𝜇𝟸

𝒢⊿
−𝜋𝟙

𝒢⊿
−𝜋𝟸

𝒢⊿
−𝑣𝟙

𝒢⊿
−𝑣𝟸

𝒢⊿

3
  (1) 

Be the score value of ∆𝟙. 

Definition 4 [32]: Consider ∆𝟙= (𝛾𝛽𝟙 , 𝛿𝛽𝟙) be an IVT-SFV. Then 

𝐴𝑐𝑐 (∆𝟙) =
𝜇𝟙
𝒢⊿
+𝜇𝟸

𝒢⊿
+𝜋𝟙

𝒢⊿
+𝜋𝟸

𝒢⊿
+𝑣𝟙

𝒢⊿
+𝑣𝟸

𝒢⊿

3
  (2) 

Be the degrees of accuracy of ∆𝟙. 
Clearly, see that 𝑆𝑐𝑜(∆𝟙) ∈ [−𝟙, 𝟙] and 𝐴𝑐𝑐 (∆𝟙) ∈ [0, 𝟙] for all SFVs.  
We derive some limitations, such as we will be considered ∆𝟙> ∆𝟸  when we get 𝑆𝑐𝑜∆𝟙> 𝑆𝑐𝑜∆𝟸: 

We will be considered ∆𝟙< ∆𝟸  when we get 𝑆𝑐𝑜∆𝟙< 𝑆𝑐𝑜∆𝟸: But if we get 𝑆𝑐𝑜∆𝟙= 𝑆𝑐𝑜∆𝟸 such that 
we will be considered ∆𝟙> ∆𝟸 when we get 𝑆𝑐𝑜∆𝟙> 𝑆𝑐𝑜∆𝟙 : We will be considered ∆𝟙< ∆𝟸  when we 
get 𝑆𝑐𝑜∆𝟙< 𝑆𝑐𝑜∆𝟸 . 

Definition 5 [32]: The SW t-norms (𝑇𝐴
դ
)
դ𝜖[0,ℶ]

 are respectively expressed as follows.  

(𝑇𝐴
դ
)
(ℓ,𝑣)

=

{
 

 
𝑇𝐷(ℓ, 𝑣)      ℯ𝑓  դ = −𝟙 

𝑇𝐷(ℓ, 𝑣)   ℯ𝑓 դ = ∞

𝑚𝑎𝑥 (0,
ℓ + 𝑣 − 𝟙 + դℓ𝑣

𝟙 + դ
) ℯ𝑓 − 𝟙 < դ < ∞

 

The SW t-norms (𝑇𝐴
դ
)
դ𝜖[0,ℶ]

 are respectively expressed as follows. 

(𝑆𝐴
դ
)
(ℓ,𝑣)

=

{
 

 
𝑆𝐷(ℓ, 𝑣)      ℯ𝑓  դ = −𝟙 

𝑆𝐷(ℓ, 𝑣)   ℯ𝑓 դ = ∞

𝑚ℯ𝜓 (𝟙, ℓ + 𝑣 −
𝟙 + դℓ𝑣

𝟙 + դ
) ℯ𝑓 − 𝟙 < դ < ∞

 

Limiting values: 𝑇𝐴
ℶ = 𝑚ℯ𝑛, 𝑇𝐴

0 = 𝑇𝐷, 𝑇𝐴
𝟙 = 𝑇𝑝, 𝑆𝐴

ℶ = 𝑚𝑎𝑥, 𝑆𝐴
0 = 𝑆𝐷, 𝑆𝐴

𝟙 = 𝑆𝑝. The t-norm 𝑇𝐴
դ
  and 

t-conorm 𝑆𝐴
դ
 are dual about each other for all դ𝜖[0, ℶ]. Both the SW t-norms family and the SW t-

conorms family show strictly expanding and strictly reducing trends, respectively. Furthermore, the 
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SW t-norms family is the only ones that truly satisfy the equivalence 𝑇(ℓℶ, 𝑣ℶ) = 𝑇(ℓ, 𝑣)ℶ for any ℶ >
0 and ℓ, 𝑣 ∈ [0, 𝟙]. 

Definition 6 [32]: For these T-SFS 𝛼 = (𝜇𝛼(𝕛), 𝑣𝛼(𝕛), 𝜋𝛼(𝕛)) and 𝛽 = (𝜇𝛽(𝕛), 𝑣𝛽(𝕛), 𝜋𝛽(𝕛)).The 

following holds under the condition ℶ𝟙, ℶ𝟸, ℶ3 > 0 
i. α⨁𝛽 = 𝛽⨁𝛼 

ii. α⨂𝛽 = 𝛽⨂α 
iii. 𝝀(α⨁𝛽) = 𝝀α⨁ℶ𝛽 
iv. 𝝀𝟏α⨁ℶ𝟸𝛼 = (𝝀𝟏⨁ℶ𝟸)𝛼 
v. (α⨂𝛽)ℶ = αλ⨂𝛽ℶ 

vi. αλ𝟙⨂αλ⊿ = αλ𝟙+λ𝟸  
Definition 7 [32]: Let 𝛼 = 〈[𝜇𝒢(𝕛), 𝜇𝑢(𝕛)], [𝑣𝒢(𝕛), 𝑣𝑢(𝕛)], , [𝜋𝒢(𝕛), 𝜋𝑢(𝕛)]〉 𝛼𝟙 =

〈[𝜇𝟙
𝒢(𝕛), 𝜇𝟙

𝑢(𝕛)], [𝑣𝟙
𝒢(𝕛), 𝑣𝟙

𝑢(𝕛)], , [𝜋𝟙
𝒢(𝕛), 𝜋𝟙

𝑢(𝕛)]〉 and 𝛼𝟸 =

〈[𝜇𝟸
𝒢(𝕛), 𝜇𝟸

𝑢(𝕛)], [𝑣𝟸
𝒢(𝕛), 𝑣𝟸

𝑢(𝕛)], , [𝜋𝟸
𝒢(𝕛), 𝜋𝟸

𝑢(𝕛)]〉 be three IVT-SFS then. 

𝛼𝟙 ∪ 𝛼𝟸 = {

[𝑚𝑎𝑥{𝜇𝟙
𝒢(𝕛), 𝜇𝟸

𝒢(𝕛)},𝑚𝑎𝑥{𝜇𝟙
𝑢(𝕛), 𝜇𝟸

𝑢(𝕛)}],

[𝑚ℯ𝑛{𝑣𝟙
𝒢(𝕛), 𝑣𝟸

𝒢(𝕛)},𝑚ℯ𝑛{𝑣𝟙
𝑢(𝕛), 𝑣𝟸

𝑢(𝕛)}],

[𝑚ℯ𝑛{𝜋𝟙
𝒢(𝕛), 𝜋𝟸

𝒢(𝕛)},𝑚ℯ𝑛{𝜋𝟙
𝑈(𝕛), 𝜋𝟸

𝑈(𝕛)}]

} 

 

𝛼𝟙 ∩ 𝛼𝟸 = {

[𝑚ℯ𝑛{𝜇𝟙
𝒢(𝕛), 𝜇𝟸

𝒢(𝕛)},𝑚ℯ𝑛{𝜇𝟙
𝑢(𝕛), 𝜇𝟸

𝑢(𝕛)}],

[𝑚𝑎𝑥{𝑣𝟙
𝒢(𝕛), 𝑣𝟸

𝒢(𝕛)},𝑚𝑎𝑥{𝑣𝟙
𝑢(𝕛), 𝑣𝟸

𝑢(𝕛)}],

[𝑚ℯ𝑛{𝜋𝟙
𝒢(𝕛), 𝜋𝟸

𝒢(𝕛)},𝑚ℯ𝑛{𝜋𝟙
𝑢(𝕛), 𝜋𝟸

𝑢(𝕛)}]

} 

𝛼𝟙⨁𝛼𝟸 =

(

 
 
 
 
 

[
 
 
 
 
√((𝜇𝟙

𝒢(𝕛))
⊿

+ (𝜇𝟸
𝒢(𝕛))

⊿

− (𝜇𝟙
𝒢(𝕛))

⊿

. (𝜇𝟸
𝒢(𝕛))

⊿
) ,

√(𝜇𝟙
𝑢(𝕛))

⊿

+ (𝜇𝟸
𝑢(𝕛))

⊿

− (𝜇𝟙
𝑢(𝕛))

⊿

. (𝜇𝟸
𝑢(𝕛))

⊿

]
 
 
 
 

,

[𝑣𝟙
𝒢(𝕛)𝑣𝟸

𝒢(𝕛), 𝑣𝟙
𝑢(𝕛)𝑣𝟸

𝑢(𝕛)],

[𝜋𝟙
𝒢(𝕛)𝜋𝟸

𝒢(𝕛), 𝜋𝟙
𝑢(𝕛)𝜋𝟸

𝑢(𝕛)] )

 
 
 
 
 

 

𝛼𝟙⨂𝛼𝟸 =

(

 
 
 
 
 
 
 
 
 
 

[[𝜇𝟙
𝒢(𝕛)𝜇𝟸

𝒢(𝕛), 𝜇𝟙
𝑈(𝕛)𝜇𝟸

𝑈(𝕛)]] ,

[
 
 
 
 
√((𝑣𝟙

𝒢(𝕛))
⊿

+ (𝑣𝟸
𝒢(𝕛))

⊿

− (𝑣𝟙
𝒢(𝕛))

⊿

. (𝑣𝟸
𝒢(𝕛))

⊿
) ,

√(𝑣𝟙
𝑢(𝕛))

⊿

+ (𝑣𝟸
𝑢(𝕛))

⊿

− (𝑣𝟙
𝑢(𝕛))

⊿

. (𝑣𝟸
𝑢(𝕛))

⊿

]
 
 
 
 

[
 
 
 
 
√((𝜋𝟙

𝒢(𝕛))
⊿

+ (𝜋𝟸
𝒢(𝕛))

⊿

− (𝜋𝟙
𝒢(𝕛))

⊿

. (𝜋𝟸
𝒢(𝕛))

⊿
) ,

√(𝜋𝟙
𝑢(𝕛))

⊿

+ (𝜋𝟸
𝑢(𝕛))

⊿

− (𝜋𝟙
𝑢(𝕛))

⊿

. (𝜋𝟸
𝑢(𝕛))

⊿

]
 
 
 
 

)

 
 
 
 
 
 
 
 
 
 

 

ℶ. 𝛼 = (
√𝟙 − (𝟙 − (𝜇𝒢(𝕛))

⊿
)
ℶ

. √𝟙 − (𝟙 − (𝜇𝑢(𝕛))
⊿
)
ℶ

,

[(𝑣𝒢(𝕛))
⊿

, (𝑣𝑢(𝕛))
⊿
] , [(𝜋𝒢(𝕛))

⊿

, (𝜋𝑢(𝕛))
⊿
]

) 
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ℶ𝑡ℎ Power of 𝛼;  ℶ. > 0 

𝛼ℶ =

{
 
 

 
 [(𝜇𝒢(𝕛))

ℶ

, (𝜇𝑢(𝕛))
ℶ
] , [√𝟙 − (𝟙 − (𝑣𝒢(𝕛))

⊿
)
ℶ

, √(𝟙 − (𝑣𝑢(𝕛))
⊿
)
ℶ

] ,

[√𝟙 − (𝟙 − (𝜋𝒢(𝕛))
⊿
)
ℶ

, √(𝟙 − (𝜋𝑢(𝕛))
⊿
)
ℶ

]
}
 
 

 
 

 

Definition 8 [32]: Let 𝛼 = 〈[𝜇𝜎
𝒢(𝕛), 𝜇𝜎

𝑢(𝕛)], [𝑣𝜎
𝒢(𝕛), 𝑣𝜎

𝑢(𝕛)], , [𝜋𝜎
𝒢(𝕛), 𝜋𝜎

𝑢(𝕛)]〉 be a collection of 

Interval-Valued T-Spherical Weighted Arithmetic Mean (IVT-SWAM) with respect to 𝜗𝜎 =

(𝜗𝟙, 𝜗𝟸, … 𝜗𝜓);𝜗𝜎 ∈ [0, 𝟙] and ∑ 𝜗𝜎 = 𝟙
𝜓
𝜎=𝟙  is defined as 

IVT − SWAM(𝛼𝟙, 𝛼⊿, …… , 𝛼𝜓) = 𝜗𝟙. 𝛼𝟙⨁𝜗𝟸. 𝛼𝟸⨁……⨁𝜗𝟸. 𝛼𝜓 

=

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

[
 
 
 
 

(𝟙 −∏(𝟙 − (𝜇𝜎
𝒢(𝕛))

⊿
)

𝜓

𝜎=𝟙

𝜗𝜎

)

𝟙
⊿

, (𝟙 −∏(𝟙 − (𝜇𝜎
𝑢(𝕛))

⊿
)

𝜓

𝜎=𝟙

𝜗𝜎

)

𝟙
𝟸

]
 
 
 
 

,

[∏(𝑣𝜎
𝒢(𝕛))

𝜗𝜎
𝜓

𝜎=𝟙

,∏(𝑣𝜎
𝑢(𝕛))

𝜗𝜎

𝜓

𝜎=𝟙

]

⨂

[
 
 
 
 
 
 
 
 

(𝟙 −∏(𝟙 − (𝜇𝜎
𝒢(𝕛))

⊿
)

𝜓

𝜎=𝟙

𝜗𝜎

−∏(𝟙 − (𝜇𝜎
𝒢(𝕛))

⊿

− (𝜋𝜎
𝒢(𝕛))

⊿
)

𝜓

𝜎=𝟙

𝜗𝜎

)

𝟙
𝟸

,

(𝟙 −∏(𝟙 − (𝜇𝜎
𝑢(𝕛))

⊿
)

𝜓

𝜎=𝟙

𝜗𝜎

−∏(𝟙 − (𝜇𝜎
𝑢(𝕛))

⊿
− (𝜋𝜎

𝑢(𝕛))
⊿
)

𝜓

𝜎=𝟙

𝜗𝜎

)

𝟙
𝟸

]
 
 
 
 
 
 
 
 

}
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 

Definition 9 [32]: Consider 𝛼 = 〈[𝜇𝜎
𝒢(𝕛), 𝜇𝜎

𝑢(𝕛)], [𝑣𝜎
𝒢(𝕛), 𝑣𝜎

𝑢(𝕛)], , [𝜋𝜎
𝒢(𝕛), 𝜋𝜎

𝑢(𝕛)]〉 be a collection of 

Interval-Valued T-Spherical Weighted Arithmetic Mean (IVT-SWAM) with respect to, 𝜗𝜎 =

(𝜗𝟙, 𝜗⊿, … 𝜗𝜓); 𝜗𝜎 ∈ [0, 𝟙] and ∑ 𝜗𝜎 = 𝟙
𝜓
𝜎=𝟙  is defined as 

IVT − SWAM𝑤(𝛼𝟙, 𝛼𝟸, …… , 𝛼𝜓) = 𝜗𝟙. 𝛼𝟙⨁𝜗𝟸. 𝛼𝟸⨁……⨁𝜗𝟸. 𝛼𝜓 

=

{
 
 
 
 

 
 
 
 
[∏ 𝜇𝜎

𝒢(Ξ)𝜗𝜎
𝜓
𝜎=𝟙 , ∏ 𝜇𝜎

𝑈(𝕛)𝜗𝜎
𝜓
𝜎=𝟙 ], [(𝟙 − ∏ (𝟙 − (𝑣𝜎

𝒢(𝕛))
𝟸
)

𝜓
𝜎=𝟙

𝜗𝜎

)

𝟙

𝟸

, (𝟙 − ∏ (𝟙 − (𝑣𝜎
𝑢(𝕛))

𝟸
)

𝜓
𝜎=𝟙

𝜗𝜎
)

𝟙

𝟸

] ,

,

[
 
 
 
 
 
(∏ (𝟙 − (𝑣𝜎

𝒢(𝕛))
𝟸
)

𝜓
𝜎=𝟙

𝜗𝜎

−∏ (𝟙 − (𝑣𝜎
𝒢(𝕛))

𝟸

− (𝜋𝜎
𝒢(𝕛))

𝟸
)

𝜓
𝜎=𝟙

𝜗𝜎

)

𝟙

𝟸

,

(∏ (𝟙 − (𝑣𝜎
𝑢(𝕛))

𝟸
)

𝜓
𝜎=𝟙

𝜗𝜎
−∏ (𝟙 − (𝑣𝜎

𝑢(𝕛))
𝟸
− (𝜋𝜎

𝑢(𝕛))
𝟸
)

𝜓
𝜎=𝟙

𝜗𝜎
)

𝟙

𝟸

]
 
 
 
 
 

}
 
 
 
 

 
 
 
 

       
3. Operation on SW Triangular Norm Based on IVT-SF Information 

The primary contribution of this section is the development of the IVT-SFSWPA, IVT-SFSWPG, IVT-
SFSWPWA, and IVT-SFSWPWG operators, together with the investigation of their fundamental 
properties and practical applicability. 
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Definition 10: For three IVT-SFVs= ([(𝜇𝒢(𝕛), 𝜇(𝕛)𝑢], [𝜋(𝕛)𝒢 , 𝜋(𝕛)𝑢], [𝑣(𝕛)𝒢 , 𝑣(𝕛)𝑢]),𝜃𝟙 =

([(𝜇𝟙
𝒢(𝕛), 𝜇𝟙

𝑢(𝕛)], [𝜋𝟙
𝒢(𝕛), 𝜋𝟙

𝑢(𝕛)], [𝑣𝟙
𝒢(𝕛), 𝑣𝟙

𝑢(𝕛)]), 𝜃𝟸 =

([(𝜇𝟙
𝒢(𝕛), 𝜇𝟙

𝑢(𝕛)], [𝜋𝟙
𝒢(𝕛), 𝜋𝟙

𝑢(𝕛)], [𝑣𝟙
𝒢(𝕛), 𝑣𝟙

𝑢(𝕛)]) 

 
𝜃𝟙⨁𝜃𝟸

=

(

 
 
 
 
 
 
 
 
 [(√(𝜇𝟙

𝒢(𝕛))
⊿

+ (𝜇𝟸
𝒢(𝕛))

⊿

−
ℶ

𝟙 + ℶ
(𝜇𝟙

𝒢(𝕛))
⊿

. (𝜇𝟸
𝒢(𝕛))

⊿

) ,(√(𝜇𝟙
𝑢(𝕛))

⊿

+ (𝜇𝟸
𝑢(𝕛))

⊿

−
ℶ

𝟙 + ℶ
(𝜇𝟙

𝑢(𝕛))
⊿

. (𝜇𝟸
𝑢(𝕛))

⊿

)] ,

,

[(
√(𝜋𝟙

𝒢(𝕛))
⊿

+ (𝜋𝟸
𝒢(𝕛))

⊿

− 𝟙 + ℶ (𝜋𝟙
𝒢(𝕛))

⊿

. (𝜋𝟸
𝒢(𝕛))

⊿

𝟙 + ℶ
) ,(

√(𝜋𝟙
𝑢(𝕛))

⊿

+ (𝜋𝟸
𝑢(𝕛))

⊿

− 𝟙 + ℶ(𝜋𝟙
𝑢(𝕛))

⊿

. (𝜋𝟸
𝑢(𝕛))

⊿

𝟙 + ℶ
)] ,

[(
√(𝑣𝟙

𝒢(𝕛))
⊿

+ (𝑣𝟸
𝒢(𝕛))

⊿

− 𝟙 + ℶ (𝑣𝟙
𝒢(𝕛))

⊿

. (𝑣𝟸
𝒢(𝕛))

⊿

𝟙 + ℶ
) ,(

√(𝑣𝟙
𝑢(𝕛))

⊿

+ (𝑣𝟸
𝑢(𝕛))

⊿

− 𝟙 + ℶ(𝑣𝟙
𝑢(𝕛))

⊿

. (𝑣𝟸
𝑢(𝕛))

⊿

𝟙 + ℶ
)]

)

 
 
 
 
 
 
 
 
 

 

 
𝜃𝟙⨂𝜃𝟸

=

(

 
 
 
 
 
 
 
 [(

√(𝜇𝟙
𝒢(𝕛))

⊿

+ (𝜇𝟸
𝒢(𝕛))

⊿

− 𝟙 + ℶ (𝜇𝟙
𝒢(𝕛))

⊿

. (𝜇𝟸
𝒢(𝕛))

⊿

𝟙 + ℶ
) ,(

√(𝜇𝟙
𝑢(𝕛))

⊿

+ (𝜇𝟸
𝑢(𝕛))

⊿

− 𝟙 + ℶ(𝜇𝟙
𝑢(𝕛))

⊿

. (𝜇𝟸
𝑢(𝕛))

⊿

𝟙 + ℶ
)] ,

[(√(𝜋𝟙
𝒢(𝕛))

⊿

+ (𝜋𝟸
𝒢(𝕛))

⊿

−
ℶ

𝟙 + ℶ
(𝜋𝟙

𝒢(𝕛))
⊿

. (𝜋𝟸
𝒢(𝕛))

⊿

) ,(√(𝜋𝟙
𝑢(𝕛))

⊿

+ (𝜋𝟸
𝑢(𝕛))

⊿

−
ℶ

𝟙 + ℶ
(𝜋𝟙

𝑢(𝕛))
⊿

. (𝜋𝟸
𝑢(𝕛))

⊿

)] ,

[(√(𝑣𝟙
𝒢(𝕛))

⊿

+ (𝑣𝟸
𝒢(𝕛))

⊿

−
ℶ

𝟙 + ℶ
(𝑣𝟙

𝒢(𝕛))
⊿

. (𝑣𝟸
𝒢(𝕛))

⊿

) ,(√(𝑣𝟙
𝑢(𝕛))

⊿

+ (𝑣𝟸
𝑢(𝕛))

⊿

−
ℶ

𝟙 + ℶ
(𝑣𝟙

𝑢(𝕛))
⊿

. (𝑣𝟸
𝑢(𝕛))

⊿

)]

)

 
 
 
 
 
 
 
 

 

 

∆𝜃 =

(

 
 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝒢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∆

] , [√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∆

]

[
 
 
 
√(𝟙 + ℶ)(𝟙 − (

𝟙 + ℶ(𝜋𝒢(𝕛))
⊿

𝟙 + ℶ
)

∆

− 𝟙 )
𝟙

ℶ
]
 
 
 
,

[
 
 
 
√(𝟙 + ℶ)(𝟙 − (

ℶ(𝜋𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

∆

− 𝟙 )
𝟙

ℶ
]
 
 
 

[
 
 
 
√(𝟙 + ℶ)(𝟙 − (

𝟙 + ℶ(𝑣𝒢(𝕛))
⊿

𝟙 + ℶ
)

∆

− 𝟙 )
𝟙

ℶ
]
 
 
 
,

[
 
 
 
√(𝟙 + ℶ)(𝟙 − (

𝟙 + ℶ(𝑣𝑢(𝕛))
⊿

𝟙 + ℶ
)

∆

− 𝟙 )
𝟙

ℶ
]
 
 
 

)

 
 
 
 
 
 
 
 
 

 

 



Journal of Contemporary Decision Science 

Volume 2, Issue 1 (2026) 323-348 

330 
 
 

𝜃∆ =

(

 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙

ℶ
(𝟙 + ℶ)(𝟙 − (

ℶ(𝜇𝒢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

∆

− 𝟙 )

]
 
 
 
,

[
 
 
 
√
𝟙

ℶ
(𝟙 + ℶ)(𝟙 − (

ℶ(𝜇𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

∆

− 𝟙 )

]
 
 
 

[√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜋𝒢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∆

] , [√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜋𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∆

]

[√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝑣𝒢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∆

] , [√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝑣𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∆

]

)

 
 
 
 
 
 
 
 

 

 
Definition 11: Consider a class of a IVT-SFVs∆ℯ=

([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸, … , 𝜓 the IVT-SFSWPA operator is 

characterized as follows: 

IVT − SFSWPA(∆𝟙. ∆𝟸, … , ∆𝜓) = ⊕ℯ=𝟙
𝜓

𝓅ℯ∆ℯ 

Where𝓅ℯ =
(𝟙+𝐴(∆ℯ))

∑ (𝟙+𝐴(∆ℯ))
𝜓
ℯ=𝟙

and A(∆ℯ) = ∑ 𝑠𝑢𝑝𝑝(∆ℯ, ∆𝕛)
𝜓
ℯ=𝟙  

Theorem 1: Consider a class of an IVT-SFV𝑠 ∆ℯ=

([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)] , [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)] , [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸, … , 𝜓. The accumulated value of the 

ISFSWPA operator, so we have the following expression: 
 

IVT − SFSWPA(∆𝟙. ∆𝟸, … , ∆𝜓)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 

(

 √
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝑢ℯ

𝒢(𝕛))
⊿
) (

ℶ

𝟙 + ℶ
)

𝜓

ℯ=𝟙

)

𝓅ℯ

)

 ,

(

 √
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝑢ℯ𝑢(𝕛))

⊿
) (

ℶ

𝟙 + ℶ
)

𝜓

ℯ=𝟙

)

𝓅ℯ

)

 

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 + ℶ)∏(

ℶ(𝜋ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 
,√
𝟙

ℶ
((𝟙 + ℶ)∏(

ℶ(𝜋ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

]
 
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 + ℶ)∏(

ℶ(𝑣ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 
,√
𝟙

ℶ
((𝟙 + ℶ)∏(

ℶ(𝑣ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

]
 
 
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

 
Proof:  
We can prove the above expression by using the principle of mathematical induction. For 𝜓 = 2, 

we can write: 
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𝓅𝟙∆𝟙=

(

 
 
 
 
 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝒢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅𝟙

] , [√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝑢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅𝟙

]

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

′

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ(𝜋𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

,

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ(𝑣𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

 
𝓅𝟸∆𝟸

=

(

 
 
 
 
 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝒢 (𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅⊿

] , [√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝑢 (𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅𝟸

]

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟸 
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅⊿

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

′

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ(𝜋𝟸 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟸
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅⊿

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

,

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ(𝑣𝟸
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

𝐼𝑉𝑇 − 𝑆𝐹𝑆𝑊𝑃𝐴(∆𝟙, ∆𝟸) = ⊕ℯ=𝟙
𝟸 𝓅ℯ∆ℯ 
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IVT − SFSWPA(∆𝟙, ∆⊿)

=

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝒢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅𝟙

, √
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝑢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅𝟙

]⨁

[√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝒢 (𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅𝟸

, √
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝑢 (𝕛))
⊿
(

ℶ

𝟙 + ℶ
)))

𝓅𝟸

] ,

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
,

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ))(

ℶ(𝜋𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟸 
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
′

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ(𝜋𝟸 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

⊕

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
,

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ(𝑣𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

⊕

[
 
 
 
 
 

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟸 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
.

√
  
  
  
  
  

(

 
 
(𝟙 + ℶ)(

ℶ(𝑣𝟸 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

]
 
 
 
 
 

)
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IVT − SFSWPA(∆𝟙, ∆𝟸)

=

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 
 

√
  
  
  
  
  
  
 

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝒢(𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟙

+
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝒢 (𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟸

−
ℶ

𝟙 + ℶ
((

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝒢(𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟙

) . (
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝒢 (𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟸

))

]
 
 
 
 
 
 

,

[
 
 
 
 
 
 

√
  
  
  
  
  
  
 

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝑢(𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟙

+
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝑢 (𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟸

−
ℶ

𝟙 + ℶ
((

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟙 

𝑢(𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟙

) . (
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝟸 

𝑢 (𝕛))
⊿

(
ℶ

𝟙 + ℶ
)))

𝓅𝟸

))

]
 
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
 

√
  
  
  
  
  
  
  
  
  
  
 
 

ℶ

𝟙 + ℶ

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
+

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟸 
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ
− 𝟙

+ℶ

(

  
 

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

)

  
 
.

(

  
 

(

 
 
(𝟙 + ℶ)(

ℶ (𝜋𝟸 
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ

)

  
 

]
 
 
 
 
 
 
 
 
 
 

,

[
 
 
 
 
 
 
 
 
 
 

√
  
  
  
  
  
  
  
  
  
  
 
 

ℶ

𝟙 + ℶ

(

 
 
(𝟙 + ℶ) (

ℶ(𝜋𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
+

(

 
 
(𝟙 + ℶ)(

ℶ(𝜋𝟸 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ
− 𝟙

+ℶ

(

  
 

(

 
 
(𝟙 + ℶ) (

ℶ(𝜋𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

)

  
 
.

(

  
 

(

 
 
(𝟙 + ℶ)(

ℶ(𝜋𝟸 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ

)

  
 

]
 
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
 

√
  
  
  
  
  
  
  
  
  
  
 
 

ℶ

𝟙 + ℶ

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
+

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟸 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ
− 𝟙

+ℶ

(

  
 

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟙 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

)

  
 
.

(

  
 

(

 
 
(𝟙 + ℶ)(

ℶ (𝑣𝟸 
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ

)

  
 

]
 
 
 
 
 
 
 
 
 
 

,

[
 
 
 
 
 
 
 
 
 
 

√
  
  
  
  
  
  
  
  
  
  
 
 

ℶ

𝟙 + ℶ

(

 
 
(𝟙 + ℶ) (

ℶ(𝑣𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ
+

(

 
 
(𝟙 + ℶ)(

ℶ(𝑣𝟸 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ
− 𝟙

+ℶ

(

  
 

(

 
 
(𝟙 + ℶ) (

ℶ(𝑣𝟙 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟙

− 𝟙

)

 
 𝟙

ℶ

)

  
 
.

(

  
 

(

 
 
(𝟙 + ℶ)(

ℶ(𝑣𝟸 
𝑢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝟸

− 𝟙

)

 
 𝟙

ℶ

)

  
 

]
 
 
 
 
 
 
 
 
 
 

)
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IVT − SFSWPA(∆𝟙, ∆𝟸)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ

𝒢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
))

⊿

ℯ=𝟙

𝓅ℯ

)

]
 
 
 
,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

⊿

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝜋ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

⊿

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝜋ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

⊿

ℯ=𝟙

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝑣ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

⊿

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝑣ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

⊿

ℯ=𝟙

)

]
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

 
Assume that the above expression is true for 𝜓 = 𝑘. 

𝐼𝑉𝑇 − 𝑆𝐹𝑆𝑊𝑃𝐴(∆𝟙, ∆𝟸) = ⊕ℯ=𝟙
𝑘 𝓅ℯ∆ℯ 

IVT − SFSWPA(∆𝟙, ∆𝟸, … , ∆𝑘)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ

𝒢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
))

𝑘

ℯ=𝟙

𝓅ℯ

)

]
 
 
 
,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝑘

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝜋ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

 
 

]
 
 
 
 
 

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝜋ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝑣ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

 
 

]
 
 
 
 
 

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝑣ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

]
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

 
Thus, we prove the expression for 𝜓 = 𝑘 + 1. 

IVT − SFSWPA(∆𝟙, ∆𝟸, … , ∆𝑘) =⊕ℯ=𝟙
𝑘 𝓅𝑘∆𝑘⊕𝓅𝑘+𝟙∆𝑘+𝟙 
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=

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ

𝒢(𝕛))
⊿

(
ℶ

𝟙 + ℶ
))

𝑘

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ

𝑢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
))

𝑘

ℯ=𝟙

𝓅ℯ

)

]
 
 
 
,

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝜋ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝜋ℯ
𝑢(𝕛))

⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝑣ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝑣ℯ
𝑢(𝕛))

⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘

ℯ=𝟙

)

]
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

⊕

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝑘+𝟙

𝒢 (𝕛))
⊿

(
ℶ

𝟙 + ℶ
))

𝓅𝑘+𝟙

)] ,

[√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝑘+𝟙

𝑢 (𝕛))
⊿

(
ℶ

𝟙 + ℶ
))

𝓅𝑘+𝟙

)]

,

[
 
 
 
√
𝟙

ℶ
(𝟙 + ℶ)(

ℶ (𝜋𝑘+𝟙
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝑘+𝟙

− 𝟙

]
 
 
 

,

[
 
 
 
√
𝟙

ℶ
(𝟙 + ℶ)(

ℶ (𝜋𝑘+𝟙
𝑢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝑘+𝟙

− 𝟙

]
 
 
 

,

[
 
 
 
√
𝟙

ℶ
(𝟙 + ℶ)(

ℶ (𝑣𝑘+𝟙
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝑘+𝟙

− 𝟙

]
 
 
 

,

[
 
 
 
√
𝟙

ℶ
(𝟙 + ℶ)(

ℶ (𝑣𝑘+𝟙
𝑢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅𝑘+𝟙

− 𝟙

]
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
IVT − SFSWPA(∆𝟙, ∆𝟸, … , ∆𝑘+𝟙)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ

𝒢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
))

𝑘+𝟙

ℯ=𝟙

𝓅ℯ

)

]
 
 
 
,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝑘+𝟙

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝜋ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘+𝟙

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝜋ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘+𝟙

ℯ=𝟙

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝑣ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘+𝟙

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝑣ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝑘+𝟙

ℯ=𝟙

)

]
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

 
Hence proved. 
Theorem 2: Consider a class of IVT-SFVs 

Δ𝑒 = ([𝜇𝑒
𝐿(𝑗), 𝜇𝑒

𝑈(𝑗)], [𝜋𝑒
𝐿(𝑗), 𝜋𝑒

𝑈(𝑗)], [𝜈𝑒
𝐿(𝑗), 𝜈𝑒

𝑈(𝑗)]), 𝑒 = 1,2, … , 𝜓. If all IVT-SFVs are identical, that 
is, Δ𝑒 = Δfor all 𝑒 = 1,2, … , 𝜓, then we have: 

IVT − SFSWPA(∆𝟙, ∆𝟸, … , ∆𝜓) = ∆ 

Proof:  
Since all IVT-SFVs Δ𝑒 = ([𝜇𝑒

𝐿(𝑗), 𝜇𝑒
𝑈(𝑗)], [𝜋𝑒

𝐿(𝑗), 𝜋𝑒
𝑈(𝑗)], [𝜈𝑒

𝐿(𝑗), 𝜈𝑒
𝑈(𝑗)]), 𝑒 = 1,2, … , 𝜓, are 

identical, that is, Δ𝑒 = Δfor all 𝑒 = 1,2, … , 𝜓, then we have: 
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IVT − SFSWPA(∆𝟙, ∆𝟸, … , ∆𝜓)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ

𝒢(𝕛))
⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇ℯ𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝜋ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 

√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝜋ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

]
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝑣ℯ
𝒢(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 

√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ(𝑣ℯ𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

]
 
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

 

=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝜄(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∑ 𝓅ℯ
𝜓
i=𝟙

)

]
 
 
 
,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

∑ 𝓅ℯ
𝜓
i=𝟙

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ) (

ℶ(𝜋𝜄(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

∑ 𝜗ℯ
𝜓
i=𝟙

− 𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 + ℶ) (

ℶ(𝜋𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

∑ 𝜗ℯ
𝜓
i=𝟙

− 𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ) (

ℶ(𝑣𝜄(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

∑ 𝜗ℯ
𝜓
i=𝟙

− 𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 + ℶ)(

ℶ(𝑣𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

∑ 𝜗ℯ
𝜓
i=𝟙

− 𝟙

)

 
 

]
 
 
 
 
 

]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

, 

 
 

(

 
 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝜄(𝕛))

⊿
(

ℶ

𝟙 + ℶ
)))] , [√

𝟙 + ℶ

ℶ
(𝟙 − (𝟙 − (𝜇𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
)))] ,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ) (

ℶ(𝜋𝜄(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
) − 𝟙)

]
 
 
 
,

[
 
 
 
√
𝟙

ℶ
((𝟙 + ℶ)(

ℶ(𝜋𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
) − 𝟙)

]
 
 
 
,

[
 
 
 
√
𝟙

ℶ
((𝟙 +  ℶ) (

ℶ(𝑣𝜄(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
) − 𝟙)

]
 
 
 

[
 
 
 
√
𝟙

ℶ
((𝟙 + ℶ)(

ℶ(𝑣𝑢(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
) − 𝟙)

]
 
 
 

)
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=

(

 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
(𝟙 − 𝟙 + (𝜇𝜄(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))] , [√

𝟙 + ℶ

ℶ
(𝟙 − 𝟙 + (𝜇𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))] ,

[√
𝟙

ℶ
(ℶ(𝜋𝜄(𝕛))

⊿
+ 𝟙 − 𝟙)] , [√

𝟙

ℶ
(ℶ(𝜋𝑢(𝕛))

⊿
+ 𝟙 − 𝟙)] ,

[√
𝟙

ℶ
(ℶ(𝑣𝜄(𝕛))

⊿
+ 𝟙 − 𝟙)] , [√

𝟙

ℶ
(ℶ(𝑣𝑢(𝕛))

⊿
+ 𝟙 − 𝟙)]

)

 
 
 
 
 
 
 
 

 

 
 

=

(

 
 
 
 
 
 
 
 [√

𝟙 + ℶ

ℶ
((𝜇𝜄(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))] , [√

𝟙 + ℶ

ℶ
((𝜇𝑢(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))]

[√
𝟙

ℶ
(ℶ(𝜋𝜄(𝕛))

⊿
)] , [√

𝟙

ℶ
(ℶ(𝜋𝑢(𝕛))

⊿
)]

[√
𝟙

ℶ
(ℶ(𝑣𝜄(𝕛))

⊿
)] , [√

𝟙

ℶ
(ℶ(𝑣𝑢(𝕛))

⊿
)]

)

 
 
 
 
 
 
 
 

 

= (𝜇(𝕛), 𝜋(𝕛), 𝑣(𝕛)) = ∆ 

Hence, the theorem is proved. 
Theorem 3: Consider a collection of IVT-SFVs  
Δ𝑒 = ([𝜇𝑒

𝐿(𝑗), 𝜇𝑒
𝑈(𝑗)], [𝜋𝑒

𝐿(𝑗), 𝜋𝑒
𝑈(𝑗)], [𝜈𝑒

𝐿(𝑗), 𝜈𝑒
𝑈(𝑗)]), 𝑒 = 1,2, … , 𝜓, such that all the IVT-SFVs are 

identical, i.e.,Δ𝑒 = Δ,∀𝑒 = 1,2, … , 𝜓. Then, we obtain: 

𝐼VT − SFWPOA (∆𝟙, ∆𝟸, … , ∆𝜓) = ∆ 

Theorem 4: Consider any two sets of IVT-SFVs  

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]) and  

∆′ℯ = ([`𝜇ℯ
′𝒢(𝕛), 𝜇′ℯ

𝑢(𝕛)], [`𝜋ℯ
′𝒢(𝕛), 𝜋′ℯ

𝑢(𝕛)], [`𝑣′ℯ
𝒢(𝕛), 𝑣ℯ

′𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… . 𝜓. If ∆ℯ≤ ∆′ℯ, then we 

get 𝐼VT − SFWPOA(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ 𝑞 − 𝐼VT − SFWPOA(∆′𝟙, ∆′𝟸, … , ∆′𝜓). 

Definition 12: For a class of IVT-SFVs,  ∆ℯ= ([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ =

𝟙, 𝟸, … , 𝜓 the IVT-SFSWOPA operator is characterized as follows: 

𝐼VT − SFWPOA(∆𝟙. ∆𝟸, … , ∆𝜓) = ⊕ℯ=𝟙
𝜓

𝓅ℯ∆𝜌(ℯ) 

Where 𝓅ℯ =
(𝟙+𝐴(∆ℯ))

∑ (𝟙+𝐴(∆ℯ))
𝜓
ℯ=𝟙

 and 𝐴(∆ℯ) = ∑ 𝑠𝑢𝑝𝑝(∆ℯ, ∆𝕛)
𝜓
ℯ=𝟙
ℯ≠𝕛

 and let 𝜌(𝟙), 𝜌(𝟸),… , 𝜌(𝜓) a set of 

permutations of ℯ = 𝟙, 𝟸, … , 𝜓∆𝜌(ℯ−𝟙) ≥ ∆ℯ. 

Definition 13: For a class of an IVT-SFVs ∆ℯ= ([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ =

𝟙, 𝟸, … , 𝜓 the 𝐼VT − SFSWPG operator is characterized as follows: 

𝐼VT − SFSWPG(∆𝟙. ∆𝟸, … , ∆𝜓) = ⊗ℯ=𝟙
𝜓

∆ℯ
𝓅ℯ  

Where 𝓅ℯ =
(𝟙+𝐴(∆ℯ))

∑ (𝟙+𝐴(∆ℯ))
𝜓
ℯ=𝟙

 and A(∆ℯ) = ∑ 𝑠𝑢𝑝𝑝(∆ℯ, ∆𝕛)
𝜓
ℯ=𝟙
ℯ≠𝕛

. 

Theorem 5: Consider a class of an IVT-SFVs 

 ∆ℯ= ([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸, … , 𝜓. By applying the accumulated 

value of the IVT-SFSWOPA operator, we obtain the following result: 
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𝐼VT − SFSWOPA(∆𝟙, ∆𝟸, … , ∆𝜓)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇

𝜌(ℯ)
𝒢 (𝕛))

⊿

(
ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − (𝜇𝜌(ℯ)

𝑢 (𝕛))
⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝜋
𝜌(ℯ)
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝜋𝜌(ℯ)
𝑢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝑣
𝜌(ℯ)
𝒢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ(𝑣𝜌(ℯ)
𝑢 (𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝓅ℯ =
(𝟙+𝐴(∆ℯ))

∑ (𝟙+𝐴(∆ℯ))
𝜓
ℯ=𝟙

 and 𝐴(∆ℯ) = ∑ 𝑠𝑢𝑝𝑝(∆ℯ, ∆𝕛)
𝜓
ℯ=𝟙
ℯ≠𝕛

 and 𝜌(𝟙), 𝜌(𝟸), … , 𝜌(𝜓) be set of the 

permutation of ℯ = 𝟙, 𝟸, … , 𝜓∆𝜌(ℯ−𝟙) ≥ ∆ℯ. 

Theorem 6: Consider a class of IVT-SFVs ∆ℯ= ([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ =

𝟙, 𝟸, … , 𝜓. The accumulated value of the IVT-SFSWPG operator, so we get the following: 
𝐼VT − SFSWPG(∆𝟙, ∆𝟸… , ∆ℯ)

=

(

 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ((𝜇ℯ
𝒢
)(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 

√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ((𝜇ℯ𝑢)(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

]
 
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝜋ℯ

𝒢
)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝜋ℯ𝑢)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝑣ℯ

𝒢
)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝑣ℯ𝑢)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 

 

 
Theorem 7. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓, which implies that∆ℯ= ∆. 
Then we obtain 

𝐼VT − SFSWPG (∆𝟙, ∆𝟸, … , ∆𝜓) = ∆ 

Theorem 8: Consider two sets of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)])and∆′ℯ =

([`𝜇ℯ
′𝒢(𝕛), 𝜇′ℯ

𝑢(𝕛)], [`𝜋ℯ
′𝒢(𝕛), 𝜋′ℯ

𝑢(𝕛)], [`𝑣′ℯ
𝒢(𝕛), 𝑣ℯ

′𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If∆ℯ≤ ∆′ℯ.Then we get: 

IVT − SFSWPG(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ IVT − SFSWPG(∆′𝟙, ∆′𝟸, … , ∆′𝜓). 

Definition 14: For the class of IVT-SFVs ∆ℯ= ([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ =

𝟙, 𝟸, … , 𝜓The IVT-SFSWPOG operator is characterized as follows: 
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IVT − SFSWPOG(∆𝟙. ∆𝟸, … , ∆𝜓) = ⊕ℯ=𝟙
𝜓

∆𝜌(ℯ)
𝓅ℯ  

Where 𝓅ℯ =
(𝟙+𝐴(∆ℯ))

∑ (𝟙+𝐴(∆ℯ))
𝜓
ℯ=𝟙

 and A(∆ℯ) = ∑ 𝑠𝑢𝑝𝑝(∆ℯ, ∆𝕛)
𝜓
ℯ=𝟙
ℯ≠𝕛

 and let  𝜌(𝟙), 𝜌(𝟸),… , 𝜌(𝜓) be set of 

permutations of ℯ = 𝟙, 𝟸, … , 𝜓∆𝜌(ℯ−𝟙) ≥ ∆ℯ. 

Theorem 9: Consider a class of IVT-SFVs ∆ℯ= ([𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ =

𝟙, 𝟸, … , 𝜓. The accumulated value of the IVT − SFSWPOG operator. So, we get the following: 
 

IVT − SFSWPOG(∆𝟙, ∆⊿… , ∆ℯ)

=

(

 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 

√
  
  
  
  
  

𝟙

ℶ

(

 
 
(𝟙 +  ℶ)∏(

ℶ((𝜇ℯ
𝒢
)(𝕛))

⊿

+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

 
 

]
 
 
 
 
 

,

[
 
 
 
 

√
𝟙

ℶ
((𝟙 +  ℶ)∏(

ℶ((𝜇ℯ𝑢)(𝕛))
⊿
+ 𝟙

𝟙 + ℶ
)

𝓅ℯ

− 𝟙

𝜓

ℯ=𝟙

)

]
 
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝜋ℯ

𝒢
)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝜋ℯ𝑢)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝑣ℯ

𝒢
)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

,

[
 
 
 
√
𝟙 + ℶ

ℶ
(𝟙 −∏(𝟙 − ((𝑣ℯ𝑢)(𝕛))

⊿
(

ℶ

𝟙 + ℶ
))

𝜓

ℯ=𝟙

𝓅ℯ

)

]
 
 
 

)

 
 
 
 
 
 
 
 
 
 
 

 

 
Theorem 10. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓, which implies that∆ℯ= ∆. 
Then we obtain 

IVT − SFSWPOG (∆𝟙, ∆𝟸, … , ∆𝜓) = ∆ 

Theorem 11: Consider any two sets of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)])and∆′ℯ =

([`𝜇ℯ
′𝒢(𝕛), 𝜇′ℯ

𝑢(𝕛)], [`𝜋ℯ
′𝒢(𝕛), 𝜋′ℯ

𝑢(𝕛)], [`𝑣′ℯ
𝒢(𝕛), 𝑣ℯ

′𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If∆ℯ≤ ∆′ℯ.Then we get: 

IVT − SFSWPOG(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ 𝑞 − IVT − SFSWPOG(∆′𝟙, ∆′𝟸, … , ∆′𝜓). 

Theorem 12: For any two sets of IVT-SFVs ∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]) 

and∆′ℯ = ([`𝜇ℯ
′𝒢(𝕛), 𝜇′ℯ

𝑢(𝕛)], [`𝜋ℯ
′𝒢(𝕛), 𝜋′ℯ

𝑢(𝕛)], [`𝑣′ℯ
𝒢(𝕛), 𝑣ℯ

′𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If∆ℯ≤ ∆′ℯ, so we 
get: 

IVT − SFSWPA(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ 𝑞 − IVT − SFSWPA(∆′𝟙, ∆′𝟸, … , ∆′𝜓). 

Theorem 13. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If  

∆−= (𝑚ℯ𝜓{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑎𝑥{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑎𝑥{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) and  

∆+= (𝑚𝑎𝑥{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑖𝑛{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑖𝑛{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) , then we get  

∆−≤ IVT − SFSWPA(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ ∆+ 

Theorem 14. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If  

∆−= (𝑚𝑖𝑛{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑎𝑥{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑎𝑥{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) and 

∆+= (𝑚𝑎𝑥{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑖𝑛{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑖𝑛{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) , then we get  

∆−≤ IVT − SFSWPOA(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ ∆+ 
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Theorem 15. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If 

∆−= (𝑚𝑖𝑛{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑎𝑥{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑎𝑥{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) and 

∆+= (𝑚𝑎𝑥{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑖𝑛{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚ℯ𝜓{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) , then we get  

∆−≤ IVT − SFSWPG(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ ∆+ 

Theorem 16. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If 

∆−= (𝑚𝑖𝑛{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑎𝑥{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑎𝑥{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) and 

∆+= (𝑚𝑎𝑥{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑖𝑛{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑖𝑛{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) , then we get  

∆−≤ IVT − SFSWPOG(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ ∆+ 

Theorem 17. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸…… .𝜓. If 

∆−= (𝑚𝑖𝑛{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑎𝑥{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑎𝑥{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) and 

∆+= (𝑚𝑎𝑥{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑖𝑛{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑖𝑛{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) , then we get  

∆−≤ IVSFSWPWA(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ ∆+ 

Theorem 18. Consider a class of IVT-SFVs 

∆ℯ= ([`𝜇ℯ
𝒢(𝕛), 𝜇ℯ

𝑢(𝕛)], [`𝜋ℯ
𝒢(𝕛), 𝜋ℯ

𝑢(𝕛)], [`𝑣ℯ
𝒢(𝕛), 𝑣ℯ

𝑢(𝕛)]), ℯ = 𝟙, 𝟸… .𝜓. If 

∆−= (𝑚𝑖𝑛{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑎𝑥{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑎𝑥{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) and 

∆+= (𝑚𝑎𝑥{𝜇ℯ
𝒢
, 𝜇ℯ

𝒢
},𝑚𝑖𝑛{𝜋ℯ

𝒢
, 𝜋ℯ

𝑢},𝑚𝑖𝑛{𝑣ℯ
𝒢
, 𝑣ℯ

𝑢}) , then we get  

∆−≤ IVT − SFSWPWG(∆𝟙, ∆𝟸, … , ∆𝜓) ≤ ∆+ 

 
4. Calculation of Problems Based on Aggregation Operators 

This section evaluates the uncertainty in human assessments using the IVT-SFSWPA, IVT-SFSWPG, 
IVT-SFSWPWA, and IVT-SFSWPWG operators. T-spherical fuzzy (T-SF) information provides 
comprehensive details regarding the membership grade (MG), non-membership grade (NMG), and 
abstinence/hesitancy degree (AH) of an object. 

Consider a finite set of alternatives denoted by ∂ = (∂1, ∂2, … , ∂𝜓) and a finite set of attributes 

represented by 𝒞 = (𝒞1, 𝒞2, … , 𝒞𝑚). Assume that each attribute is associated with a weight vector 

𝐹 = (𝐹1, 𝐹2, … , 𝐹𝜓), such that 𝐹𝑒 ≥ 0 and ∑ 𝐹𝑒
𝜓
𝑒=1 = 1.  

The decision-maker expresses the evaluation information in the form of T-spherical fuzzy 

information satisfying the condition 0 ≤ 𝜇Δ(𝑗) + 𝜋Δ(𝑗) + 𝜈Δ(𝑗) ≤ 1, ∀𝑗 ∈ 𝜗. The assessment 
information is represented as Δ𝑒 = ([𝜇𝑒

𝐿(𝑗), 𝜇𝑒
𝑈(𝑗)], [𝜋𝑒

𝐿(𝑗), 𝜋𝑒
𝑈(𝑗)], [𝜈𝑒

𝐿(𝑗), 𝜈𝑒
𝑈(𝑗)]), 𝑒 = 1,2, … , 𝜓. 

These values are arranged into a standard decision matrix ∂ = (𝒞𝜎𝑒). 
Based on this framework, an innovative algorithm for the multi-attribute decision-making 

(MADM) process is proposed in the next section.  
 

4.1. SWARA Method for Evaluating the Criteria Weights 
The SWARA process begins with ranking the criteria according to their relative importance based 

on expert knowledge and experience. After ranking, each criterion is compared with the previous 
one to determine its relative significance. Subsequently, the comparative importance coefficients are 
calculated, and the corresponding weights of the criteria are determined. The SWARA method is 
widely used for estimating the weights of criteria in MADM problems due to its simplicity and 
effectiveness. The procedure of the SWARA method can be summarized through the following steps: 
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Step 1: Calculate the score values. The score values of 𝑆∗(𝜂𝐾𝑗)obtained by SWARA are computed 

using Equation (b), according to Definition 3. 
Step 2: Evaluate the comparative importance of the criteria. The relative importance of each 

criterion is assessed based on expert judgments. 
Step 3: Determine the sequential comparative importance of each criterion by comparing 

criterion 𝑗with the preceding criterion 𝑗 − 1. 
Step 4: Calculate the coefficient 𝐾𝑗, which is defined as follows: 

𝐾𝑗 = {
1,     𝑗 = 1

𝑆𝑗 + 1,     𝑗 > 1 

where 𝑆𝑗 represents the proportional significance of the score value. 

Step 5: Estimate the recalculated weight. The recalculated weight 𝑃𝑗is determined as follows: 

𝑃𝑗 = {

1,     𝑗 = 1
𝐾𝑗 − 1

𝐾𝑗
,     𝑗 > 1

 

Step 6: Compute the normalized criteria weights. The criteria weights are calculated as follows: 

𝑊𝑗 =
𝑃𝑗

∑ 𝑃𝑗
𝑛
𝑗=1

 

 
4.2. Algorithm 

Step 1: The decision-maker collects information about the real-world alternatives in the form of 
T-spherical fuzzy (T-SF) data and represents it as a preference decision matrix. 

Step 2: The collected data are classified into benefit-type and non-benefit-type attributes. If the 
given information contains different types of attributes, the original decision matrix is transformed 
into a normalized decision matrix. Otherwise, this normalization process is not required. 

Step 3: Compute the support degree by using the following expression: 
𝑠𝑢𝑝𝑝(∆ℯ𝜎, ∆𝜎𝑘) = 𝟙 − 𝐷(∆ℯ𝜎 , ∆𝜎𝑘) 

And   𝐷(∆ℯ, ∆𝕛) =
𝟙

6
(|(𝜇ℯ

𝒢
)
⊿
− (𝜇𝑘

𝒢
)
⊿
| + |(𝜇𝜎

𝑢)⊿ − (𝜇𝑘
𝑢)⊿| + |(𝑣ℯ

𝒢
)
⊿
− (𝑣𝜎

𝒢
)
⊿
| + |(𝑣𝜎

𝑢)⊿ − (𝑣𝑘
𝑢)⊿| +

|(𝜋ℯ
𝒢
)
⊿
− (𝜋𝜎

𝒢
)
⊿
| + |(𝜋𝜎

𝑢)⊿ − (𝜋𝑘
𝑢)⊿|). 

Step 4: Calculate the degree of weighted support: 
𝐴(∆) = ∑ 𝐸ℯ

𝜓
ℯ=𝟙
ℯ≠𝕛

𝑠𝑢𝑝𝑝(∆ℯ, ∆𝕛), 𝐸 = (𝐸𝟙, 𝐸𝟸, … , 𝐸𝜓), 𝐸ℯ > 0 and ∑ 𝐸ℯ
𝜓
ℯ=𝟙
ℯ≠𝕛

= 𝟙 

Step 5: Investigate the degree of support: 

Where ∅ =
𝐸ℯ(𝟙+𝐴(∆ℯ))

∑ 𝐸ℯ
𝜓
ℯ=𝟙
ℯ≠𝕛

(𝟙+𝐴(∆ℯ))
 

Step 6: The provided information is aggregated by using the IVT-SFSWPA, IVT-SFSWPG, IVT-
SFSWPWA, and IVT-SFSWPWG operators. 

Step 7: The score values of each alternative are carefully examined to identify the best-ranked 
option.  

Step 8: A ranking procedure is then performed to reorder all alternatives according to their 
assessment values. 
 
4.3 Experimental Case Study 

Artificial intelligence (AI) is transforming numerous sectors, particularly healthcare, by enhancing 
diagnostic accuracy and improving treatment planning. AI-based systems can accurately identify 
abnormalities and disease indicators in medical images such as MRIs and X-rays, enabling healthcare 
professionals to diagnose patients more efficiently and reliably. In addition, AI-driven chatbots and 
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virtual healthcare assistants are increasingly being used to provide personalized patient care, answer 
medical inquiries, and offer mental health support. By integrating AI technologies into healthcare 
systems, medical providers can improve patient outcomes, streamline operational processes, and 
ultimately save lives. 

 
4.3.1 Applications of AI in daily life 

Artificial intelligence has become an essential part of everyday life and is widely applied across 
various domains. In video games, AI is used to create intelligent virtual opponents, dynamic gaming 
environments, and adaptive gameplay based on player behavior. Financial institutions employ AI 
algorithms to detect fraudulent activities by analyzing transaction patterns, identifying anomalies, 
and reporting suspicious operations in real time. 

In the healthcare sector, AI systems analyze medical data such as MRIs, X-rays, and patient 
records to assist physicians in diagnosing diseases, identifying trends, and recommending treatment 
plans. AI-powered image recognition systems are capable of recognizing objects, individuals, 
locations, and activities in images and videos, making them valuable in areas such as security 
surveillance, facial recognition, and medical imaging. 

Self-driving vehicles utilize AI technologies to perceive their environment, make driving decisions, 
and navigate safely without human intervention. Furthermore, advances in natural language 
processing (NLP) enable machines to understand, interpret, and generate human language. 
Applications of NLP include sentiment analysis, chatbots, and language translation systems. 

Many companies, such as Amazon, Spotify, and Netflix, use AI algorithms to analyze user 
preferences and behavior in order to provide personalized recommendations for products, music, 
and movies. Similarly, virtual assistants such as Siri, Alexa, and Google Assistant rely on AI algorithms 
to understand voice commands, perform tasks, and provide users with relevant information. 

In this study, five AI-based alternatives and four evaluation criteria are considered for the 
proposed MADM framework. The alternatives are defined as follows: 

𝐴1: Smart Home Systems – AI-driven systems that manage household devices such as lighting, 
thermostats, and security cameras.  

𝐴2: Financial Forecasting – AI algorithms that analyze financial data to predict stock prices, 
investment opportunities, and market trends.  

𝐴3: Language Translation – AI-based translation systems that facilitate communication between 
people speaking different languages.  

𝐴4: Content Creation – AI tools that generate text, images, and music, assisting creators in 
producing high-quality content efficiently.  

𝐴5: Supply Chain Optimization – AI technologies that improve supply chain efficiency through 
inventory management, demand forecasting, and logistics optimization.  

These alternatives represent different aspects of AI technology and demonstrate its diverse 
applications and capabilities. Machine learning enables systems to learn from data, neural networks 
simulate the architecture of the human brain, NLP facilitates communication between humans and 
machines, robotics integrates intelligent physical capabilities, and computer vision allows machines 
to interpret visual information. 

The alternatives are evaluated according to the following criteria: 
𝐺1: Machine Learning – The ability of AI systems to improve performance automatically through 

learning from data without explicit programming.  
𝐺2: Natural Language Processing (NLP) – The capability of AI systems to understand, interpret, 

and generate human language for effective human–machine interaction.  



Journal of Contemporary Decision Science 

Volume 2, Issue 1 (2026) 323-348 

343 
 
 

𝐺3: Computer Vision – The ability of AI systems to process and analyze visual information from 
images and videos.  

𝐺4: Algorithmic Decision-Making – The capability of AI algorithms to optimize decisions based on 
predefined rules, objectives, and input data.  

The decision-maker evaluates the alternatives according to these predefined criteria (Table 1). 
The corresponding weight vector assigned to the criteria is given as follows: (0.10,  0.25,  0.35,  0.30), 
Table 2.  

Using the proposed MADM framework and aggregation operators, the decision-maker assesses 
the suitability and effectiveness of the considered AI alternatives under the interval-valued T-
spherical fuzzy environment. 

 
Table 1 
Details about the AI suppliers 

 𝑮𝟏 𝑮𝟐 𝑮𝟑 𝑮𝟒 

𝑨𝟏 (

[0. 𝟸8, 0.35],
[0.47, 0.55],
[0.55, 0.56]

) (

[0.44, 0.51],
[0. 𝟸6, 0.33],
[0. 𝟸4, 0.33]

) (

[0.15, 0. 𝟸8],
[0.44, 0.55],
[0.61, 0.66]

) (

[0.46, 0.47],
[0.33, 0.46],
[0.15, 0.17]

) 

𝑨𝟐 (

[0.34, 0.88],
[0. 𝟸𝟸, 0.34],
[0.11, 0. 𝟙5]

) (

[0.1𝟸, 0.15],
[0.17, 0. 𝟸7],
[0.45, 0.77]

) (

[0. 𝟸6, 0.33],
[0.48, 0.49],
[0.15, 0.17]

) (

[0. 𝟸3, 0.3𝟸],
[0. 𝟸1, 0.47],
[0.14, 0.19]

) 

𝑨𝟑 (

[0.55, 0.6𝟙],
[0.33, 0.35],
[0. 𝟸5, 0.35]

) (

[0.37, 0.4𝟸],
[0.15, 0.18],
[0. 𝟸3, 0. 𝟸4]

) (

[0.49, 0.59],
[0.16, 0.18],
[0. 𝟸𝟸, 0. 𝟸3]

) (

[0.45, 0.49],
[0.47, 0.56],
[0.11, 0.15]

) 

𝑨𝟒 (

[0.11, 0.15],
[0.45, 0.55],
[0.44, 0.47]

) (

[0.16, 0.19],
[0.44, 0.5𝟸],
[0.1𝟸, 0.17]

) (

[0.13, 0.18],
[0.79, 0.8𝟸],
[0.19, 0. 𝟸1]

) (

[0.15, 0.17],
[0.45, 0.56],
[0.18, 0.44]

) 

𝑨𝟓 (

[0. 𝟸1, 0. 𝟸4],
[0.37, 0.41],
[0.46, 0.57]

) (

[0.53, 0.57],
[0.45, 0.48],
[0.14, 0. 𝟸𝟸]

) (

[0.45, 0.48],
[0.17, 0. 𝟸3],
[0.47, 0.5𝟸]

) (

[0.36, 0.38],
[0.15, 0.19],
[0.1𝟸, 0. 𝟸9]

) 

 
Table 2  
Shows computed degree of unknown weights 

Alternatives 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑨 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑮 

𝑨𝟏 (

[0.3734, 0.4228],
[0.39𝟣6, 0.4867],
[0.4630, 0.4954]

) (

[0.3705, 0.4𝟸01],
[0.3935, 0.4897],
[0.473𝟸, 0.5075]

) 

𝑨𝟐 (

[0.2624, 0.6𝟣03],
[0.3𝟣69, 0.3625],
[0.2928, 0.4766]

) (

[0. 𝟸616, 0.5533],
[0.3𝟸14, 0.3654],
[0. 𝟸970, 0.5136]

) 

𝑨𝟑 (

[0.4744, 0.5389],
[0.3328, 0.3842],
[0.2𝟣44, 0.2506]

) (

[0.47𝟸5, 0.5357],
[0.3365, 0.39𝟸1],
[0. 𝟸145, 0. 𝟸6𝟸3]

) 

𝑨𝟒 (

[0. 𝟣394, 0. 𝟣739],
[0.5766, 0.6390],
[0.2885, 0.3𝟣64]

) (

[0.1394, 0.1739],
[0.5984, 0.6557],
[0. 𝟸9𝟸0, 0.3𝟸04]

) 

𝑨𝟓 (

[0.4223, 0.453𝟣],
[0.3356, 0.3680],
[0.368𝟣, 0.4434]

) (

[0.4185, 0.448𝟸],
[0.3384, 0.3713],
[0.37𝟸4, 0.450𝟸]

) 
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Table 2  
Continued 

Alternatives 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑾𝑨 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑾𝑮 

𝑨𝟏 (

[0.3734, 0.4228],
[0.39𝟣6, 0.4867],
[0.4630, 0.4559]

) (

[0.3705, 0.4𝟸01],
[0.3935, 0.4897],
[0.473𝟸, 0.5075]

) 

𝑨𝟐 (

[0.2624, 0.6𝟣03],
[0.3𝟣69, 0.3625],
[0.2928, 0.4766]

) (

[0. 𝟸616, 0.5533],
[0.3𝟸14, 0.3654],
[0. 𝟸970, 0.5136]

) 

𝑨𝟑 (

[0.4744, 0.5389],
[0.3328, 0.3842],
[0.2𝟣44, 0.26𝟣5]

) (

[0.47𝟸5, 0.5357],
[0.3365, 0.39𝟸1],
[0. 𝟸145, 0. 𝟸6𝟸3]

) 

𝑨𝟒 (

[0. 𝟣394, 0. 𝟣739],
[0.5766, 0.6390],
[0.2099, 0.3𝟣64]

) (

[0.1394, 0.1739],
[0.5984, 0.6557],
[0. 𝟸9𝟸0, 0.3𝟸04]

) 

𝑨𝟓 (

[0.4223, 0.453𝟣],
[0.3356, 0.3680],
[0.368𝟣, 0.4434]

) (

[0.4185, 0.448𝟸],
[0.3384, 0.3713],
[0.37𝟸4, 0.450𝟸]

) 

 
Step 2: The collected data are classified into benefit-type and cost-type attributes. If the given 

information contains multiple types of attributes, the original decision matrix must be transformed 
into a normalized decision matrix. Otherwise, this normalization procedure is not required. 

Step 3: Calculate the support degree by using the following expression: 
𝑠𝑢𝑝𝑝(∆ℯ𝜎, ∆𝜎𝑘) = 𝟙 − 𝐷(∆ℯ𝜎 , ∆𝜎𝑘) 

And   𝐷(∆ℯ, ∆𝕛) =
𝟙

6
(|(𝜇ℯ

𝒢
)
⊿
− (𝜇𝑘

𝒢
)
⊿
| + |(𝜇𝜎

𝑢)⊿ − (𝜇𝑘
𝑢)⊿| + |(𝑣ℯ

𝒢
)
⊿
− (𝑣𝜎

𝒢
)
⊿
| + |(𝑣𝜎

𝑢)⊿ −

(𝑣𝑘
𝑢)⊿| + |(𝜋ℯ

𝒢
)
⊿
− (𝜋𝜎

𝒢
)
⊿
| + |(𝜋𝜎

𝑢)⊿ − (𝜋𝑘
𝑢)⊿|). 

Step 4: Calculate the degree of weighted support: 

𝐴(∆) = ∑ 𝐸ℯ
𝜓
ℯ=𝟙
ℯ≠𝕛

𝑠𝑢𝑝𝑝(∆ℯ, ∆𝕛), 𝐸 = (𝐸𝟙, 𝐸𝟸, … , 𝐸𝜓), 𝐸ℯ > 0 And∑ 𝐸ℯ
𝜓
ℯ=𝟙
ℯ≠𝕛

= 𝟙 

Step 5: Examine the degree of support: 

Where ∅ =
𝐸ℯ(𝟙+𝐴(∆ℯ))

∑ 𝐸ℯ
𝜓
ℯ=𝟙
ℯ≠𝕛

(𝟙+𝐴(∆ℯ))
 

 

Step 6: The provided data are aggregated using the IVT-SFSWPA, IVT-SFSWPG, IVT-SFSWPWA, 
and IVT-SFSWPWG operators, Table 3. 

 
Table 3 
Covered score values corresponding to each alternative 

Alternatives 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑨 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑮 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑾𝑨 𝑰𝑽𝑻 − 𝑺𝑭𝑺𝑾𝑷𝑾𝑮 

𝑨𝟏 0.5𝟣𝟣𝟣 0.4945 0.577𝟸 0.5700 

𝑨𝟐 0.64𝟣8 0.601𝟸 0.6775 0.6479 

𝑨𝟑 0.7276 0.7𝟸0𝟸 0.7140 0.7110 

𝑨𝟒 0.3994 0.38𝟸𝟙 0.4999 0.4846 

𝑨𝟓 0.6202 0.6071 0.6479 0.6435 

 
Step 7: To identify the most suitable alternative, the score values of all alternatives are carefully 

examined and compared, Table 4.  
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Table 4 
Ranking of score values 

𝐎𝐩𝐞𝐫𝐚𝐭𝐨𝐫 𝐑𝐚𝐧𝐤𝐢𝐧𝐠 
𝐈𝐕𝐓 − 𝐒𝐅𝐒𝐖𝐏𝐀 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝐈𝐕𝐓 − 𝐒𝐅𝐒𝐖𝐏𝐆 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝐈𝐕𝐓 − 𝐒𝐅𝐒𝐖𝐏𝐖𝐀 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝐈𝐕𝐓 − 𝐒𝐅𝐒𝐖𝐏𝐖𝐆 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 

 
It is clear that 𝐴3 is the best alternative among all alternatives, as it has the highest score value 

across all the considered operators, Figure 2. 
 

 
Fig. 2. Results of alternatives 

 
4.3. Influence Study 

This analysis examines the effect of varying the parameter 𝜙 from 1 to 100 on the ranking results 
of the alternatives. The obtained results indicate that, despite changes in the parameter values, the 
ranking order of the alternatives remains unchanged for all tested cases. In particular, the alternative 
𝐴3consistently retains the highest ranking under different parameter settings. This demonstrates the 
stability, robustness, and reliability of the proposed operators and decision-making framework. 
Furthermore, the consistency of the ranking results confirms that the proposed approach is not 
significantly affected by variations in parameter values, Tables 5 and 6. 

 
Table 5 
Results obtained by IVT-SFSWPWA 

Parametric value Ranking and ordering 

𝓹 = 𝟏 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟓 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟐𝟎 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟑𝟓 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟓𝟓 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟕𝟎 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟖𝟎 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟗𝟎 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
𝓹 = 𝟏𝟎𝟎 A3 ≻ A𝟸 ≻ A5 ≻ A𝟙 ≻ A4 
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Table 6 
Results obtained by IVT-SFSWPWG 

Parametric values Ranking and ordering 

𝓹 = 𝟏 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟓 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟐𝟎 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟑𝟓 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟓𝟓 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟕𝟎 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟖𝟎 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟗𝟎 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 
𝓹 = 𝟏𝟎𝟎 𝐴3 ≻ 𝐴𝟸 ≻ 𝐴5 ≻ 𝐴𝟙 ≻ 𝐴4 

 
Clearly, 𝐴3 is the most suitable alternative among all the considered alternatives, since it 

possesses the highest score value under all the proposed aggregation operators. Therefore, the 
obtained results indicate that Language Translation (𝐴3) is the optimal and most effective AI 
alternative among the evaluated options. 

 
5. Conclusions 

In this paper, we first introduced the fundamental operational laws of interval-valued T-spherical 
fuzzy sets (IVT-SFSs) based on the Sugeno–Weber (SW) t-norms and t-conorms (TCNs). Subsequently, 
several novel aggregation operators, namely IVT-SFSWPA, IVT-SFSWPG, IVT-SFSWPWA, and IVT-
SFSWPWG, were developed by integrating the SW aggregation framework within the IVT-SFS 
environment. The proposed aggregation operators were thoroughly investigated with respect to 
their important mathematical properties, including boundedness, idempotency, and monotonicity. 

Furthermore, the applicability of the proposed IVT-SFSWPA, IVT-SFSWPG, IVT-SFSWPWA, and 
IVT-SFSWPWG operators was demonstrated through a multi-attribute decision-making (MADM) 
framework. A practical case study on prioritizing and evaluating artificial intelligence alternatives was 
conducted to validate the effectiveness of the proposed methodology. The influence of varying 
parameter values was also analyzed to examine the stability and robustness of the proposed 
operators. 

The most appropriate AI alternative was selected by considering several key criteria and 
characteristics within the developed decision-making framework. In addition, a comparative analysis 
with existing aggregation approaches was performed, which confirmed the superiority, consistency, 
and reliability of the proposed methods. The obtained results and sensitivity analysis demonstrate 
that the developed aggregation operators provide an effective and flexible tool for solving complex 
MADM problems under interval-valued T-spherical fuzzy environments. 

 
Acknowledgement 
This research was not funded by any grant. 
 
Conflicts of Interest 
The authors declare no conflicts of interest.  

 
References 
[1] Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338–353. https://doi.org/10.1016/S0019-

9958(65)90241-X 
[2] Atanassov, K. T. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1), 87–96. 

https://doi.org/10.1016/S0165-0114(86)80034-3 

https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0165-0114(86)80034-3


Journal of Contemporary Decision Science 

Volume 2, Issue 1 (2026) 323-348 

347 
 
 

[3] Yager, R. (2013). Pythagorean fuzzy subsets. 2013 Joint IFSA World Congress and NAFIPS Annual Meeting 
(IFSA/NAFIPS). https://doi.org/10.1109/IFSA-NAFIPS.2013.6608375 

[4] Yager, R. R. (2017). Generalized Orthopair Fuzzy Sets. IEEE Transactions on Fuzzy Systems, 25(5), 1222–1230. 
https://doi.org/10.1109/TFUZZ.2016.2604005 

[5] Cường, B. C. (2014). Picture fuzzy sets. Journal of Computer Science and Cybernetics, 30(4), 409–409. 
https://doi.org/10.15625/1813-9663/30/4/5032 

[6] Mahmood, T., Ullah, K., Khan, Q., & Jan, N. (2019). An approach toward decision-making and medical diagnosis 
problems using the concept of spherical fuzzy sets. Neural Comput & Applic, 31(11), 7041–7053. 
https://doi.org/10.1007/s00521-018-3521-2 

[7] Lundström, A., & Hellström, F. (2015). Getting to know electric cars through an app. In Proceedings of the 7th 
International Conference on Automotive User Interfaces and Interactive Vehicular Applications (pp. 289–296). 
Association for Computing Machinery. https://doi.org/10.1145/2799250.2799272 

[8] Kalifa, M., Özdemir, A., Özkan, A., & Banar, M. (2022). Application of Multi‐Criteria Decision analysis including 
sustainable indicators for prioritization of public transport system. Integrated Environmental Assessment and 
Management, 18(1), 25–38. https://doi.org/10.1002/ieam.4486 

[9] Sarfraz, M., & Gul, R. (2025). An Aczel-Alsina T-Spherical Fuzzy Framework for the Electric Vehicle Selection. 
Spectrum of Engineering and Management Sciences, 3(1), 158–174. https://doi.org/10.31181/sems31202543s 

[10] Vitta, S. (2021). Electric cars – Assessment of “green” nature vis-à-vis conventional fuel driven cars. Sustainable 
Materials and Technologies, 30, e00339. https://doi.org/10.1016/j.susmat.2021.e00339 

[11] Onat, N. C., Kucukvar, M., Tatari, O., & Zheng, Q. P. (2016). Combined application of multi-criteria optimization and 
life-cycle sustainability assessment for optimal distribution of alternative passenger cars in U.S. Journal of Cleaner 
Production, 112, 291–307. https://doi.org/10.1016/j.jclepro.2015.09.021 

[12] Lim, M. C. H., Ayoko, G. A., Morawska, L., Ristovski, Z. D., Jayaratne, E. R., & Kokot, S. (2006). A comparative study 
of the elemental composition of the exhaust emissions of cars powered by liquefied petroleum gas and unleaded 
petrol. Atmospheric Environment, 40(17), 3111–3122. https://doi.org/10.1016/j.atmosenv.2006.01.007 

[13] Hao, X., Zhang, X., Cao, X., Shen, X., Shi, J., & Yao, Z. (2018). Characterization and carcinogenic risk assessment of 
polycyclic aromatic and nitro-polycyclic aromatic hydrocarbons in exhaust emission from gasoline passenger cars 
using on-road measurements in Beijing, China. Science of The Total Environment, 645, 347–355. 
https://doi.org/10.1016/j.scitotenv.2018.07.113 

[14] Ternel, C., Bouter, A., & Melgar, J. (2021). Life cycle assessment of mid-range passenger cars powered by liquid and 
gaseous biofuels: Comparison with greenhouse gas emissions of electric vehicles and forecast to 2030. 
Transportation Research Part D: Transport and Environment, 97, 102897. 
https://doi.org/10.1016/j.trd.2021.102897 

[15] Bauer, C., Hofer, J., Althaus, H.-J., Del Duce, A., & Simons, A. (2015). The environmental performance of current and 
future passenger vehicles: Life cycle assessment based on a novel scenario analysis framework. Applied Energy, 157, 
871–883. https://doi.org/10.1016/j.apenergy.2015.01.019 

[16] Sarfraz, M., Ullah, K., Akram, M., Pamucar, D., & Božanić, D. (2022). Prioritized Aggregation Operators for 
Intuitionistic Fuzzy Information Based on Aczel–Alsina T-Norm and T-Conorm and Their Applications in Group 
Decision-Making. Symmetry, 14(12), Article 12. https://doi.org/10.3390/sym14122655 

[17] Zhou, L., Abdullah, S., Zafar, H., Muhammad, S., Qadir, A., & Huang, H. (2025). Analysis of artificial neural network 
based on pq-rung orthopair fuzzy linguistic muirhead mean operators. Expert Systems with Applications, 276, 
127157. https://doi.org/10.1016/j.eswa.2025.127157 

[18] Shan, T., Tay, F. R., & Gu, L. (2021). Application of Artificial Intelligence in Dentistry. J Dent Res, 100(3), 232–244. 
https://doi.org/10.1177/0022034520969115 

[19] Zhou, X.-Y., Guo, Y., Shen, M., & Yang, G.-Z. (2020). Application of artificial intelligence in surgery. Front. Med., 14(4), 
417–430. https://doi.org/10.1007/s11684-020-0770-0 

[20] Yang, Y. J., & Bang, C. S. (2019). Application of artificial intelligence in gastroenterology. World J Gastroenterol, 
25(14), 1666–1683. https://doi.org/10.3748/wjg.v25.i14.1666 

[21] Liu, P., Lu, L., Zhang, J., Huo, T., Liu, S., & Ye, Z. (2021). Application of Artificial Intelligence in Medicine: An Overview. 
CURR MED SCI, 41(6), 1105–1115. https://doi.org/10.1007/s11596-021-2474-3 

[22] Wan, H., Liu, G., & Zhang, L. (2021). Research on the Application of Artificial Intelligence in Computer Network 
Technology. In Proceedings of the 2021 5th International Conference on Electronic Information Technology and 
Computer Engineering (pp. 704–707). ACM. https://doi.org/10.1145/3501409.3501536 

[23] Ghodousian, A., Ahmadi, A., & Dehghani, A. (2017). Solving a non-convex non-linear optimization problem 
constrained by fuzzy relational equations and Sugeno-Weber family of t-norms. Journal of Algorithms and 
Computation, 49(2), 63–101. https://doi.org/10.22059/jac.2017.7978 

https://doi.org/10.1109/IFSA-NAFIPS.2013.6608375
https://doi.org/10.1109/TFUZZ.2016.2604005
https://doi.org/10.15625/1813-9663/30/4/5032
https://doi.org/10.1007/s00521-018-3521-2
https://doi.org/10.1145/2799250.2799272
https://doi.org/10.1002/ieam.4486
https://doi.org/10.31181/sems31202543s
https://doi.org/10.1016/j.susmat.2021.e00339
https://doi.org/10.1016/j.jclepro.2015.09.021
https://doi.org/10.1016/j.atmosenv.2006.01.007
https://doi.org/10.1016/j.scitotenv.2018.07.113
https://doi.org/10.1016/j.trd.2021.102897
https://doi.org/10.1016/j.apenergy.2015.01.019
https://doi.org/10.3390/sym14122655
https://doi.org/10.1016/j.eswa.2025.127157
https://doi.org/10.1177/0022034520969115
https://doi.org/10.1007/s11684-020-0770-0
https://doi.org/10.3748/wjg.v25.i14.1666
https://doi.org/10.1007/s11596-021-2474-3
https://doi.org/10.1145/3501409.3501536
https://doi.org/10.22059/jac.2017.7978


Journal of Contemporary Decision Science 

Volume 2, Issue 1 (2026) 323-348 

348 
 
 

[24] Kauers, M., Pillwein, V., & Saminger-Platz, S. (2011). Dominance in the family of Sugeno–Weber t-norms. Fuzzy Sets 
and Systems, 181(1), 74–87. https://doi.org/10.1016/j.fss.2011.04.007 

[25] Farahbod, F. (2012). Comparison of Different T-Norm Operators in Classification Problems. International Journal of 
Fuzzy Logic Systems, 2(3), 33–39. https://doi.org/10.5121/ijfls.2012.2303 

[26] Troiano, L., Rodríguez-Muñiz, L. J., Marinaro, P., & Díaz, I. (2014). Statistical analysis of parametric t-norms. 
Information Sciences, 257, 138–162. https://doi.org/10.1016/j.ins.2013.09.041 

[27] Ghodousian, A. (2019). Optimization of linear problems subjected to the intersection of two fuzzy relational 
inequalities defined by Dubois-Prade family of t-norms. Information Sciences, 503, 291–306. 
https://doi.org/10.1016/j.ins.2019.06.058 

[28] Wang, L., & Li, N. (2020). Pythagorean fuzzy interaction power Bonferroni mean aggregation operators in multiple 
attribute decision making. Int J Intell Syst, 35(1), 150–183. https://doi.org/10.1002/int.22204 

[29] Senapati, T., Chen, G., Mesiar, R., & Yager, R. R. (2023). Intuitionistic fuzzy geometric aggregation operators in the 
framework of Aczel-Alsina triangular norms and their application to multiple attribute decision making. Expert 
Systems with Applications, 212, 118832. https://doi.org/10.1016/j.eswa.2022.118832 

[30] Sarfraz, M., Gul, R., & Esztergár-Kiss, D. (2026). A Multi-Attribute Group Decision-Making Scheme Under q-Rung 
Orthopair Fuzzy Rough Aczel-Alsina Geometric Aggregation Operators with Applications in Sustainable 
Transportation. Int J Comput Intell Syst, 19(1), 54. https://doi.org/10.1007/s44196-025-01090-1 

[31] Senapati, T., Sarkar, A., & Chen, G. (2024). Enhancing healthcare supply chain management through artificial 
intelligence-driven group decision-making with Sugeno–Weber triangular norms in a dual hesitant q-rung orthopair 
fuzzy context. Engineering Applications of Artificial Intelligence, 135, 108794. 
https://doi.org/10.1016/j.engappai.2024.108794 

[32] Ullah, K., Hassan, N., Mahmood, T., Jan, N., & Hassan, M. (2019). Evaluation of Investment Policy Based on Multi-
Attribute Decision-Making Using Interval Valued T-Spherical Fuzzy Aggregation Operators. Symmetry, 11(3), Article 
3. https://doi.org/10.3390/sym11030357 

[33] Wang, H., & Liu, J. (2025). Some Spherical Uncertain Linguistic Aggregation Operators and their Application in Multi-
Attribute Decision-Making. Journal of Intelligent Decision Making and Granular Computing, 1(1), 106-126. 
https://doi.org/10.31181/jidmgc11202511 

 

https://doi.org/10.1016/j.fss.2011.04.007
https://doi.org/10.5121/ijfls.2012.2303
https://doi.org/10.1016/j.ins.2013.09.041
https://doi.org/10.1016/j.ins.2019.06.058
https://doi.org/10.1002/int.22204
https://doi.org/10.1016/j.eswa.2022.118832
https://doi.org/10.1007/s44196-025-01090-1
https://doi.org/10.1016/j.engappai.2024.108794
https://doi.org/10.3390/sym11030357
https://doi.org/10.31181/jidmgc11202511

