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1. Introduction
The selection of an optimal stock for business investment represents a quintessentially complexmulti-criteria decision-making (MCDM) problem, characterized not only by conflicting financial indi-cators (e.g., return on equity, price-to-earnings ratio, volatility, liquidity) but also by profound un-certainty, vagueness, and often incomplete information. Traditional probabilistic models and evenstandard fuzzy set extensions such as intuitionistic fuzzy sets (IFS) frequently fall short in capturingscenarios where decision-makers exhibit hesitation or where membership and non-membership de-grees sum to more than one. In this context, Pythagorean fuzzy sets (PFS) have emerged as a powerfulgeneralization, offering a larger admissible space of uncertainty and thereby providing a more faithfulrepresentation of subjective judgments in high-stakes financial environments.To address uncertainty in practical problems, Zadeh [1] introduced the concept of fuzzy sets (FS).Building on this idea, several extensions of fuzzy sets have been developed to better capture vague-ness and imprecision. One such extension is the intuitionistic fuzzy set (IFS), proposed by Atanassov[2], which incorporates both membership and nonmembership degrees for each element, with thecondition that the sum of membership and non-membership lie in between 0 and 1.Yager [3] overcomes the situation when sum of membership degree and non-membership degreegreater than 1 and introduced concept of Pythagorean Fuzzy Sets (PyFSs). PyFS is an extension of IFSwith the condition that the square sum of the membership degree and the non-membership degree isless than or equal to 1. The concept of Pythagorean fuzzy sets (PFS) gives the larger preference domainfor decision makers (DM). DMs can define their support and against the degree of membership as

φ = 0.78, ϱ = 0.52. In this case, 0.78 + 0.52 > 1 is not valid in IFS but squaring 0.782 + 0.522 < 1implies that PyFSs are more suitable than the IFSs. There are lots of research work done of PyFSs inthe theoretical as well as practical areas [4, 5].Adak et al. [6] introduced two approaches based on positive and negative ideal solutions to solveassignment problems under Pythagorean fuzzy conditions by applying a spherical distance measureand a new scoring method. Karamat et al. [7] discussed the theory of prioritized aggregation operatorsbased on Aczel-Alsina t-norm and t-conorm for managing the theory of C-PF information, such as C-PF prioritized Aczel-Alsina averaging, C-PF prioritized Aczel-Alsina ordered averaging, C-PF prioritizedAczel-Alsina geometric, and C-PF prioritized Aczel-Alsina ordered geometric operators. Karamat et al.[8] introduced an advanced method for multiple-attribute decision-making, which employs arithmeticand geometric operations to create aggregation operators on Pythagorean fuzzy sets. Khalid et al. [9]explored the impact of behavioral biases on the investment decisions of individual investors of thePakistan Stock Exchange, with the mediation and moderation mechanism. Sarkar et al. [10] presenteda full discussion of theoretical backgrounds, methodological development, and practical implemen-tation of MCDM within the framework of business analytics in marketing, finance and supply chainmanagement, operations, human resource management, and strategic management. Yin et al. [11]constructed indicators to investigate the impact of ESG performance on stock price synchronicity.The Aczel–Alsina family of t-norms and t-conorms, parameterized by a ≥ 1, offers a flexible contin-uum from fully compensatory (a → 1) to strictly non-compensatory (a → ∞), yet existing applicationsnaively apply a single a value globally across all criteria. Gabriel et al. [12] examined the applicability ofthe Combined Compromise Solution (CoCoSo) method (improved version of combined compromisesolution), by a real case study in a university campus and compared the obtained results to otherMCDMs such as Preference Ranking Organisation Method for Enrichment Evaluations (PROMETHEE),Weighted Sum Method (WSM) and Technique for Order Preference by Similarity to the Ideal Solution(TOPSIS). Adak et al. [13] studied on integrated Pythagorean fuzzy TOPSIS framework for supplier se-lection with uncertain weights. Hussain et al. [14] generalized the concept of pythagorean fuzzy sets(PyFSs) in the framework by utilizing the basic operations of Aczel-Alsina aggregation models. Jafari
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et al. [15] discussed the challenges of knowledge adoption in the steel supply chain and proposedCoCoSo method to address survival of the SC. Wang et al. [16] proposed a logistics service providerselection method based on fuzzy Aczel-Alsina power averaging operator.Anthony et al. [17] studied on the long and short run association subsisting between stock mar-ket development (market capitalisation, value of transactions, number of deal and all share index),and Nigerian economicgrowth (RGDP) with quarterly data from 1986 to 2017. They applied the Au-toregressive Distributed Lag (ARDL) model for the purpose of estimation. Arena et al.[18] identifiedthe different factors that could influence the stock market investing of 384 Filipino tertiary studentswithin the National Capital Region (NCR), following the theory of planned behavior, financial literacytheory, and risk perception theory. Chen [19] studied the growing influence of women in the market-place since global human rights progress, gender equality has become a key focus, leading to greaterfemale participation in economic activities. Haryadi et al. [20] analyzed the effect of transaction se-curity using Blockchain technology on customers’ decision to invest in the stock market that offershigh security through decentralization, transparency, and immutability. This technology used for cre-ating a safe and sustainable investment ecosystem in investment decisions and recommends betterinvestment security standards for regulators. Ma [21] studied on the logic for specific implementation,timing of transactions, and risk management measures associated with investor expectations for thefuture and market sentiment. Investors prefer stocks with growing performance as they are essentiallyinvesting in the future. Segun et al. [22] investigated the relationship between stock market develop-ment and performance of the Nigerian economy. They used estimation techniques like co-integration,Granger Causality and Error Correction to check whether the exchange indices have impacted on themacroeconomic performance of Nigeria. Vijay et al. [23] investigated on factors influencing investor’sperception viz., return on investment, market trend or risk, short term profitability, price of the share,dividend policy, past financial performance, company reputation, reputation of the board, currentearnings of the company and expert opinionThe paper is organized as follows: Section 1 introduces the selection of the optimal business stockinvestment, including a comprehensive literature review, the identification of research gaps, and thecontributions of the present study. Section 2 presents fundamental concepts related to Pythagoreanfuzzy numbers, such as score and accuracy functions, along with Pythagorean fuzzy Aczel–Alsina weightedaggregation operators to assist readers in understanding the basic principles. Section 3 describes theCoCoSo method integrated with the Pythagorean fuzzy Aczel–Alsina aggregation operator for handlingunknown criterion weights. Section 4 defines the decision-making frameworks employed in selectingthe optimal stock for business investment. Section 5 discusses the results obtained and provides acomparative analysis. Finally, Section 6 concludes the paper by outlining its limitations and suggestingfuture research directions.
2. Theoretical Aspects

[2] An Intuitionistic fuzzy set (IFS) I in X is of the form
I = {⟨ς, φI(ς), ϱI(ς)⟩ : ς ∈ X},

where φI : X → [0, 1], ϱI : X → [0, 1] are membership grade (MG) and non-membership grade(NMG) with 0 ≤ φI(ς) + ϱI(ς) ≤ 1, for all ς ∈ X .Indeterminacy πI(ς) = 1− φI(ς)− ϱI(ς).[3] A Pythagorean fuzzy set P is
P = {⟨ς, φP (ς), ϱP (ς)⟩|ς ∈ X},
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where φP (ς) : X → [0, 1] and ϱP (ς) : X → [0, 1] are MG and NMG respectively with 0 ≤ (φP (ς))

2+
(ϱP (ς))

2 ≤ 1.The indeterminacy is ϖP (ς) =
√
1− (φP (ς))2 − (ϱP (ς))2. The order pair (φ, ϱ) denoted aspythagorean fuzzy number (PFN).

2.1 Basic Operations on PFNs

Consider three PFNs p = ⟨φ, ϱ⟩, p1 = ⟨φ1, ϱ1⟩ and p2 = ⟨φ2, ϱ2⟩. Then
(i) p̄ = ⟨ϱ, φ⟩
(ii) p1 ∪ p2 = ⟨max{φ1, φ2},min{ϱ1, ϱ2}⟩
(iii) p1 ∩ p2 = ⟨min{φ1, φ2},max{ϱ1, ϱ2}⟩

2.2 Comparison measure of PFNs

Different types of functions based on MG and NMG are used to rank PFNs. This is particularlyimportant in decision-making applications, where ranking alternatives plays a critical role. The scorefunction s(p) of p = ⟨φ, ϱ⟩ is
s(p) = (φ)2 − (ϱ)2 (1)

where s(p) ∈ [−1, 1].The accuracy function a(p) of p = ⟨φ, ϱ⟩ is
a(p) = (φ)2 + (ϱ)2 (2)

where h(p) ∈ [0, 1]. Let p = ⟨φ, ϱ⟩ be a pythagorean fuzzy number. The modified score function
Sms of p is defined as

Sms(p) = (|φ2 − ϱ2|) +

(
e|φ

2−ϱ2|

e|φ2−ϱ2| + 1
− 1

2

)
π2. (3)

Let us consider a PyFN, p = (0.65, 0.39), then the different score values of this PyFN are s(p) = 0.270,
h(p) = 0.574, Sms = 0.933.
2.3 Aggregation Operators

A t-norm is a function T : [0, 1]× [0, 1] → [0, 1] if(T1) T (ζ1, 1) = ζ1,(T2) T (ζ1, ζ2) = T (ζ2, ζ1),(T3) T (ζ1, T (ζ2, ζ3)) = T (T (ζ1, ζ2), ζ3),(T4) T (ζ1, ζ2) ≤ T (ζ1, ζ3), whenever ζ2 ≤ ζ3, for all ζ1, ζ2, ζ3 ∈ [0, 1]. Some well-known TNs arelisted below.1. Minimum TN: Tmin(ζ1, ζ2) = min(ζ1, ζ2);2. Product TN: Tpro(ζ1, ζ2) = ζ1ζ2;3. Lukasiewicz TN: TLuk(ζ1, ζ2) = max(ζ1 + ζ2 − 1, 0);4. Drastic triangular norm:
Tdra(ζ1, ζ2) =


ζ1, if ζ2 = 1
ζ2, if ζ1 = 1
0, otherwise
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5. Aczel Alsina t-norm:

T ϕ
A(ζ1, ζ2) =


Tdra(ζ1, ζ2), if ϕ = 0
min{ζ1, ζ2}, if ϕ = ∞

e((− log ζ1)ϕ+(− log ζ2)ϕ))
1
ϕ
, otherwise

S : [0, 1]× [0, 1] → [0, 1] is a t-co-norm if(S1) S(ζ1, 0) = ζ1,(S2) S(ζ1, ζ2) = S(ζ2, ζ1)(S3) S(ζ1, S(ζ2, ζ3)) = S(S(ζ1, ζ2), ζ3), for all ζ1, ζ2, ζ3 ∈ [0, 1](S4) If ζ1 ≤ p and ζ2 ≤ q, then S(ζ1, ζ2) ≤ S(p, q), for all ζ1, ζ2, p, q ∈ [0, 1] Some well-known TCNsare listed below.1. Maximum TCN: Smax(ζ1, ζ2) = max(ζ1, ζ2);2. Probabilistic Sum: Ssum(ζ1, ζ2) = ζ1 + ζ2 − ζ1ζ2;3. Lukasiewicz TCN: SLuk(ζ1, ζ2) = max(ζ1 + ζ2, 1);4. Drastic triangular conorm:
Sdra(ζ1, ζ2) =


ζ1, if ζ2 = 0
ζ2, if ζ1 = 0
1, otherwise

5. Aczel Alsina t-conorm:
T ϕ
A(ζ1, ζ2) =


Sdra(ζ1, ζ2), if ϕ = 0
max{ζ1, ζ2}, if ϕ = ∞

1− e((− log(1−ζ1))ϕ+(− log(1−ζ2))ϕ))
1
ϕ
, otherwise

Let P = (φ, ϱ), P1 = (φ1, ϱ1) and P2 = (φ2, ϱ2) be three PyFNs, a ≥ 1, b > 1. Then
(i) P1P2 =

(√
1− e((− log(1−φ2

1))
a+(− log(1−φ2

2))
a))

1
a , e−((− log ϱ1)a+(− log ϱ2)a))

1
a

)
(ii) P1P2 =

(
e−((− logφ1)a+(− logφ2)a))

1
a ,

√
1− e((− log(1−ϱ21))

a+(− log(1−ϱ22))
a))

1
a

)
(iii) bF =

(√
1− e−(b(− log(1−φ2))a)

1
a , e−(b(log ϱ)a)

1
a

)
(iv) F b =

(
e−(b(logφ)a)

1
a ,

√
1− e−(b(− log(1−ϱ2))a)

1
a

)
Let Pi = (φi, ϱi), i = 1, 2, . . . , n, is a collection of PyFSs. Suppose the weight vector w =

(w1, w2, . . . , wn)
T , of the Pi, i = 1, 2, . . . , n follows wi > 0, wi ∈ [0, 1] and n∑

i=1

wi = 1. Then,
Pythagorean Fuzzy Aczel-Alsina Weighted Aggregation (PyF-AA-WA) operator is a function (F )n → Fand defined as

PyF − AA−WA(P1, P2, . . . , Pn) =
n
i=1 (wiPi) = w1P1w2P2 · · ·wnPn (4)

LetPi = (φi, ϱi), i = 1, 2, . . . , n, is a collection of PyFSs. Suppose the weight vectorw = (w1, w2, . . . , wn)
T ,

of the Pi, i = 1, 2, . . . , n follows wi > 0, wi ∈ [0, 1] and n∑
i=1

wi = 1. Then, the accumulated value of
PyFSs by PyF-AA-WA operator is defined as

PyF − AA−WA(P1, P2, . . . , Pn) =


√
1− e

−(
n∑

i=1
wi(− log(1−φ2

i ))
a)

1
a

, e
−(

n∑
i=1

wi(− log ϱi)
a)

1
a

 (5)
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Let us consider six PyFNs (0.33, 0.64), (0.92, 0.12), (0.77, 0.42), (0.83, 0.39), (0.56, 0.47), (0.29, 0.59)with associated weight (0.19, 0.12, 0.18, 0.16, 0.21, 0.14) and taking a = 4, then the value of PyF-AA-weighted aggregation on these six PyFNs is (0.831, 0.276). Let Pi = (φi, ϱi), i = 1, 2, . . . , n, isa collection of PyFSs. Suppose the weight vector w = (w1, w2, . . . , wn)

T , of the Pi, i = 1, 2, . . . , n

follows wi > 0, wi ∈ [0, 1] and n∑
i=1

wi = 1. Then, Pythagorean Fuzzy Aczel Alsina Weighted Geometric
(PyF-AA-WG) aggregation operator is a function (F )n → F and defined as

PyF − AA−WG(P1, P2, . . . , Pn) =
n
i=1 (Pi

wi) = Pw1
1 Pw2

2 · · ·Pwn
n (6)

LetPi = (φi, ϱi), i = 1, 2, . . . , n, is a collection of PyFSs. Suppose the weight vectorw = (w1, w2, . . . , wn)
T ,

of the Pi, i = 1, 2, . . . , n follows wi > 0, wi ∈ [0, 1] and n∑
i=1

wi = 1. Then, the accumulated value of
PyFSs by PyF-AA-WG aggregation operator is defined as
PyF − AA−WG(P1, P2, . . . , Pn) =

e
−(

n∑
i=1

(− log(φi)
wi )a)

1
a

,

√
1− e

−(
n∑

i=1
(− log(1−ϱ2i )

wi )a)
1
a

,

 (7)
Let us consider six PyFNs (0.64, 0.24), (0.75, 0.22), (0.65, 0.42), (0.81, 0.27), (0.65, 0.37), (0.49, 0.53)with associated weight (0.18, 0.13, 0.19, 0.17, 0.20, 0.13) and taking a = 4, then the value of PyF-AA-weighted geometric aggregation on these six PyFNs is (0.885, 0.219).
3. Proposed Methodology

The study utilizes the Pythagorean fuzzy Aczel-Alsina weighted aggregation (PyF-AA-W) operatorand the Pythagorean fuzzy Aczel-Alsina weighted geometric aggregation (PyF-AA-WG) operator to ag-gregate optimal business stock for investment by experts under compensatory and non-compensatorydecision logic respectively. Finally, the combined compromise solution (CoCoSo) method, togetherwith three distinct cases of appraisal scores, is applied to derive robust rankings of optimal businessstock for investment. This integrated framework enables a systematic comparison of different aggre-gation strategies and facilitates the reliable selection of the best optimal business stock for investment.
3.1 Decision Method

In this study, we consider a discrete set of investment alternatives X = {A1, A2, . . . , Am} repre-sentingm candidate business stocks, along with a finite set of evaluation criteriaC = {C1, C2, . . . , Cn}.To model the imprecision and subjectivity inherent in assessing stocks, each rating is represented usinga Pythagorean fuzzy number (PFN) defined as rij = (φij, ϱij). Here, φij indicates the degree to whichstockAi satisfies criterionCj , while ϱij reflects the degree of dissatisfaction. The complete set of thesePFNs forms a Pythagorean fuzzy decision matrix D = [rij]m×n, which serves as the foundational inputfor all subsequent aggregation operations.

D =


⟨φ11, ϱ11⟩ ⟨φ12, ϱ12⟩ · · · ⟨φ1n, ϱ1n⟩
⟨φ21, ϱ21⟩ ⟨φ22, ϱ22⟩ · · · ⟨φ2n, ϱ2n⟩

· · · · · · · · · · · ·
⟨φm1, ϱm1⟩ ⟨φm2, ϱm2⟩ · · · ⟨φmn, ϱmn⟩

 .

Classify the criteria into two categories, one is set of benefit criteria (J1) and other is cost criteria (J2)categories.Then we compute normalize the decision matrix. Replace (µij, νij) with its complement (νij, µij) inthe Pythagorean fuzzy decision matrix, we obtained normalized Pythagorean fuzzy decision matrix.
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3.2 Calculation of Weight

In practical multi-criteria decision-making (MCDM) contexts such as selecting the most suitablestocks for business investment, decision-makers frequently struggle to assign fixed importance levelsto evaluation criteria in advance. This difficulty stems from the vague and incomplete nature of avail-able data, differing viewpoints among experts, the lack of a standard method for weighting educationalperformance indicators, and the risk of biased judgments when weights are set arbitrarily. Therefore,treating criterion weights as entirely unknown offers a more practical and adaptable representationof real-world conditions. By avoiding any predefined or subjective weights, this study removes exter-nal sources of bias and assesses the strength of the proposed aggregation operators under conditionsof maximal uncertainty. Embracing unknown weights thus strengthens both the real-world relevanceand the analytical soundness of the suggested framework for determining optimal stock investmentchoices.The weight wj of each criteria (j = 1, 2, . . . , n) is calculated according to the Equation (8).

wj =
φ2
j + π2

j

(
φ2
j

φ2
j+ϱ2j

)
n∑

j=1

(
φ2
j + π2

j

(
φ2
j

φ2
j+ϱ2j

)) , (8)

where φj and ϱj represent MG and NMG of the j-th criteria respectively, and πj represents the hesi-
tation degree of the j-th criteria and satisfy the condition n∑

j=1

wj = 1.
3.3 Aggregate the Alternatives

To aggregate the alternative, use PyF-AA-Weighted aggregation operator (5) and obtain Si. Simi-larly, use PyF-AA-Weighted Geometric aggregation operator (7) and obtain Pi. Then used Equation (3)for comparison.
3.4 Appraisal Scores and Composite Score

Compute three appraisal scores for each alternative by Equations (9), (10) and (11).
Tia =

Pi + Si
p∑

i=1

(Pi + Si)

(9)

Tib =
Si

mini(Si)
+

Pi

maxi(Pi)
(10)

Tic =
λSi + (1− λ)Si

λmaxi Si + (1− λ)maxi Pi

(11)
λ ∈ [0, 1]. (usually λ = 0.5).Calculate the composite scores for each alternative by the Equation (12).

CCi = (TiaTibTic)
1
3 +

Tia + Tib + Tic

3
(12)

The final rank of alternatives is obtained by sorting the compromise scores CCi in descending order,such that the alternative with the highest CCi value is considered the best.
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3.5 Algorithm for PyF-AA-CoCoSo Method

Step-I: Construct the matrix of decisions D = (rij)m×n.
Step-II: Normalise the decision matrix.
Step-III: The weight wj of each criteria (j = 1, 2, . . . , n) is calculated according to the Equation (8).
Step-IV: Utilize the PyF-AA-Weighted aggregation (5) to aggregate the value for each alternative andcalculate Si by the Equation (3).
Step-V: Utilize the PyF-AA-Geometric Weighted aggregation (7) to aggregate the value for each alter-native and calculate Pi Equation (3).
Step-VI: Compute three appraisal scores for each alternative by Equations (9), (10) and (11).
Step-VII: Calculate the composite score for each alternative by the Equation (12).
Step-VIII: The final ranking of alternatives is obtained by sorting the compromise scores CCi in de-scending order, such that the alternative with the highest CCi value is considered the best.
4. Illustrative Example

To demonstrate the practical applicability of the proposed Pythagorean Fuzzy Aczel-Alsina CoCoSomethod for business investment, a case study is conducted involving ten prominent Indian stocks
A1, A2, . . . , A10. Eight selection criteria are considered, comprising five benefit criteria—Return onEquity (ROE), Earnings Per Share Growth (3-Year Average), Dividend Yield, Average Daily Volume (Liq-uidity), and Institutional Holding Percentage—and three cost criteria: Debt to Equity (D/E) Ratio, Priceto Earnings (P/E) Ratio, and Beta (Market Risk). A panel of investment experts provides evaluations foreach stock against these criteria in the form of Pythagorean fuzzy numbers to capture inherent uncer-tainty and hesitation. The Aczel-Alsina t-norm and t-conorm with a tunable parameter a are employedto generate aggregated fuzzy information, followed by the CoCoSo (Combined Compromise Solution)method to rank the alternatives.
4.1 Criteria focused on Business Optimal Stock Investment

C1: Return on Equity (ROE) (Benefit): Return on equity measures how efficiently a company gener-ates profits from the shareholders’ invested capital. Expressed as a percentage, ROE is calculatedby dividing net income by total shareholders’ equity. A higher ROE indicates superior manage-ment performance and profitability. For instance, if a stock alternative A1 reports an ROE of18.5%, this value is considered favorable compared to a lower figure such as 10.2%, making it abenefit criterion where larger magnitudes are preferred.
C2: Debt to Equity (D/E) (Cost): The debt-to-equity ratio reflects a firm’s financial leverage by com-paring total liabilities to shareholders’ equity. This unitless ratio serves as a cost criterion be-cause lower values imply reduced financial risk and greater stability. A numerical example showsstock A1 with a D/E ratio of 0.65. Since this is a cost criterion, 0.65 is superior to a higher ratiolike 1.20, as it suggests the company relies less on borrowed funds and faces lower bankruptcyrisk.
C3: Earnings Per Share Growth (3-Year Average) (Benefit): Earnings per share growth over a three-year average captures the company’s historical expansion in profitability allocated per outstand-ing share. Measured in percentage terms, this benefit criterion rewards higher growth rates. Forexample, stock A1 exhibits a 12.3% EPS growth rate, which is more attractive than a 4.5% growthrate, as it signals robust business performance and future income potential.
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Fig. 1. Flowchart of the Methodology
C4: Price to Earnings (P/E)(Cost): The price-to-earnings ratio represents the market price per sharedivided by annual earnings per share, and it is expressed as a unitless ratio. As a cost criterion,lower P/E values are preferred because they suggest that the stock may be undervalued relative
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to its earnings. Consider stock A1 with a P/E of 14.2; this is more desirable than a P/E of 22.5,particularly for value-oriented investment strategies seeking favorable entry points.

C5: Dividend Yield (Benefit): Dividend yield indicates the annual dividend payment per share di-vided by the stock’s current market price, reported as a percentage. This benefit criterion iscritical for income-seeking investors, as higher yields provide greater cash returns on invest-ment. For instance, stock A1 offers a dividend yield of 3.8%, which outperforms a yield of 1.5%,making it more suitable for generating regular treasury income.
C6: Beta (Market Risk) (Cost): Beta measures a stock’s systematic risk relative to the overall market,where the market itself has a beta of one. Expressed as a dimensionless unit, beta is treated asa cost criterion because lower values indicate reduced volatility and defensive characteristics. Anumerical example shows stock A1 with a beta of 0.85, which is preferable to a beta of 1.30, asit implies the stock fluctuates less than the market, offering greater stability during downturns.
C7: AverageDaily Volume (Liquidity) (Benefit): Average daily volume refers to the number of sharestraded per day on average, reported as a raw share count. As a benefit criterion, higher volumefacilitates easier entry into and exit from a position without causing significant price slippage.For example, stock A1 has an average daily volume of 2,450,000 shares, which is substantiallybetter than a thinly traded stock with 200,000 shares, ensuring greater marketability and lowertransaction costs.
C8: Institutional Holding Percentage (Benefit): Institutional holding represents the proportion ofoutstanding shares owned by professional entities such as mutual funds, pension funds, andinsurance companies, measured as a percentage. This benefit criterion acts as a signal of gov-ernance quality and investor confidence. A numerical illustration shows stock A1 with 62% in-stitutional ownership, which is more favorable than 25%, as higher institutional backing oftencorrelates with better transparency, research coverage, and long-term stability.
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Fig. 2. Criteria for Optimal Stock Investment

4.2 Pythagorean Fuzzy Decision Matrix

The Pythagorean fuzzy decision matrix R = [rij]10×8 = [⟨φij, ϱij⟩]10×8 is constructed, where φijand ϱij denote the membership and non-membership degrees of alternative Ai with respect to crite-rion Cj . The Pythagorean fuzzy decision presents in the Table 1.
Table 1Pythagorean Fuzzy Decision Matrix

C1 C2 C3 C4 C5 C6 C7 C8

A1 ⟨0.34, 0.82⟩⟨0.40, 0.81⟩⟨0.62, 0.56⟩⟨0.36, 0.84⟩⟨0.27, 0.86⟩⟨0.84, 0.25⟩⟨0.71, 0.43⟩⟨0.68, 0.44⟩
A2 ⟨0.76, 0.38⟩⟨0.12, 0.86⟩⟨0.46, 0.72⟩⟨0.47, 0.76⟩⟨0.59, 0.62⟩⟨0.70, 0.48⟩⟨0.51, 0.67⟩⟨0.85, 0.21⟩
A3 ⟨0.37, 0.84⟩⟨0.57, 0.65⟩⟨0.72, 0.45⟩⟨0.32, 0.77⟩⟨0.23, 0.82⟩⟨0.77, 0.37⟩⟨0.91, 0.14⟩⟨0.78, 0.36⟩
A4 ⟨0.71, 0.49⟩⟨0.14, 0.82⟩⟨0.55, 0.67⟩⟨0.41, 0.70⟩⟨0.52, 0.65⟩⟨0.72, 0.45⟩⟨0.58, 0.62⟩⟨0.82, 0.23⟩
A5 ⟨0.57, 0.63⟩⟨0.19, 0.83⟩⟨0.37, 0.77⟩⟨0.28, 0.80⟩⟨0.91, 0.12⟩⟨0.51, 0.68⟩⟨0.42, 0.72⟩⟨0.64, 0.52⟩
A6 ⟨0.42, 0.77⟩⟨0.71, 0.42⟩⟨0.67, 0.52⟩⟨0.40, 0.78⟩⟨0.35, 0.84⟩⟨0.81, 0.21⟩⟨0.34, 0.76⟩⟨0.72, 0.39⟩
A7 ⟨0.29, 0.82⟩⟨0.93, 0.10⟩⟨0.88, 0.15⟩⟨0.58, 0.63⟩⟨0.17, 0.88⟩⟨0.92, 0.09⟩⟨0.87, 0.17⟩⟨0.81, 0.29⟩
A8 ⟨0.64, 0.57⟩⟨0.14, 0.89⟩⟨0.52, 0.71⟩⟨0.91, 0.11⟩⟨0.42, 0.76⟩⟨0.44, 0.71⟩⟨0.22, 0.78⟩⟨0.85, 0.23⟩
A9 ⟨0.32, 0.74⟩⟨0.29, 0.81⟩⟨0.41, 0.78⟩⟨0.30, 0.81⟩⟨0.21, 0.88⟩⟨0.81, 0.31⟩⟨0.34, 0.83⟩⟨0.62, 0.54⟩
A10 ⟨0.91, 0.13⟩⟨0.18, 0.86⟩⟨0.82, 0.24⟩⟨0.75, 0.32⟩⟨0.38, 0.79⟩⟨0.42, 0.81⟩⟨0.27, 0.84⟩⟨0.93, 0.09⟩

There are two types of criteria, one is benefit criteria and other is cost criteria. The set of benefitcriteria J1 = {C1, C3, C5, C7, C8} and set of cost criteria J2 = {C2, C4, C6}.
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For cost criteria, replace (µij, νij) with its complement (νij, µij) in the decision matrix. The normalizedecision matrix presents in Table 2.

Table 2Normalized Pythagorean Fuzzy Decision Matrix
C1 C2 C3 C4 C5 C6 C7 C8

A1 ⟨0.34, 0.82⟩⟨0.81, 0.40⟩⟨0.62, 0.56⟩⟨0.84, 0.36⟩⟨0.27, 0.86⟩⟨0.25, 0.84⟩⟨0.71, 0.43⟩⟨0.68, 0.44⟩
A2 ⟨0.76, 0.38⟩⟨0.86, 0.12⟩⟨0.46, 0.72⟩⟨0.76, 0.47⟩⟨0.59, 0.62⟩⟨0.48, 0.70⟩⟨0.51, 0.67⟩⟨0.85, 0.21⟩
A3 ⟨0.37, 0.84⟩⟨0.65, 0.57⟩⟨0.72, 0.45⟩⟨0.77, 0.32⟩⟨0.23, 0.82⟩⟨0.37, 0.77⟩⟨0.91, 0.14⟩⟨0.78, 0.36⟩
A4 ⟨0.71, 0.49⟩⟨0.82, 0.14⟩⟨0.55, 0.67⟩⟨0.70, 0.41⟩⟨0.52, 0.65⟩⟨0.45, 0.72⟩⟨0.58, 0.62⟩⟨0.82, 0.23⟩
A5 ⟨0.57, 0.63⟩⟨0.83, 0.19⟩⟨0.37, 0.77⟩⟨0.80, 0.28⟩⟨0.91, 0.12⟩⟨0.68, 0.51⟩⟨0.42, 0.72⟩⟨0.64, 0.52⟩
A6 ⟨0.42, 0.77⟩⟨0.42, 0.71⟩⟨0.67, 0.52⟩⟨0.78, 0.40⟩⟨0.35, 0.84⟩⟨0.21, 0.81⟩⟨0.34, 0.76⟩⟨0.72, 0.39⟩
A7 ⟨0.29, 0.82⟩⟨0.10, 0.93⟩⟨0.88, 0.15⟩⟨0.63, 0.58⟩⟨0.17, 0.88⟩⟨0.09, 0.92⟩⟨0.87, 0.17⟩⟨0.81, 0.29⟩
A8 ⟨0.64, 0.57⟩⟨0.89, 0.14⟩⟨0.52, 0.71⟩⟨0.11, 0.91⟩⟨0.42, 0.76⟩⟨0.71, 0.44⟩⟨0.22, 0.78⟩⟨0.85, 0.23⟩
A9 ⟨0.32, 0.74⟩⟨0.81, 0.29⟩⟨0.41, 0.78⟩⟨0.81, 0.30⟩⟨0.21, 0.88⟩⟨0.81, 0.31⟩⟨0.34, 0.83⟩⟨0.62, 0.54⟩
A10 ⟨0.91, 0.13⟩⟨0.86, 0.18⟩⟨0.82, 0.24⟩⟨0.32, 0.75⟩⟨0.38, 0.79⟩⟨0.81, 0.42⟩⟨0.27, 0.84⟩⟨0.93, 0.09⟩

Weight of the each criteria calculated by the Equation (8). The weight of the criteria are w1 =
0.1137, w2 = 0.0702, w3 = 0.1393, w4 = 0.9489, w5 = 0.07113, w6 = 0.1805, w7 = 0.1128,
w8 = 0.2171.The Pythagorean fuzzy Aczel-Alsina weighted aggregation operator given in Equation (5) is appliedwith the parameter a = 3 to aggregate the individual Pythagorean fuzzy decision matrix entries.Subsequently, the score values of the aggregated Pythagorean fuzzy numbers are computed using thescore function defined in Equation (3). The resulting aggregated values and their corresponding scorevalues are summarized in Table 3.

Table 3PyF-AA-Weighted aggregationAlternative Aggregated Si Rank
A1 (0.8437, 0.3373) 2.0314 4
A2 (0.8162, 0.2816) 1.9951 5
A3 (0.8280, 0.2537) 2.1069 3
A4 (0.7722, 0.2854) 1.7579 8
A5 (0.8301, 0.2330) 2.1506 2
A6 (0.7867, 0.3729) 1.6414 10
A7 (0.8067, 0.2753) 1.9562 6
A8 (0.7789, 0.3309) 1.6995 9
A9 (0.8130, 0.2931) 1.9560 7
A10 (0.8726,0.1830) 2.4492 1

Applying the Pythagorean fuzzy Aczel-Alsina weighted geometric aggregation operator (Eq. (7)) tothe individual evaluations yields the aggregated Pythagorean fuzzy numbers, whose score values Piare subsequently obtained from Equation (3). Table 4 summarizes the computed results.
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Table 4PyF-AA-Weighted Geometric aggregationAlternative Aggregated Pi Rank

A1 (0.7500, 0.4728) 1.1673 6
A2 (0.7562, 0.4740) 1.1952 5
A3 (0.7497, 0.4305) 1.2954 4
A4 (0.7048, 0.4292) 1.0773 8
A5 (0.7831, 0.3778) 1.6106 2
A6 (0.7115, 0.4655) 0.9992 9
A7 (0.5712, 0.6121) 0.1678 10
A8 (0.1230, 0.9010) 2.6650 1
A9 (0.7441, 0.4662) 1.1584 7
A10 (0.3388, 0.7378) 1.4734 3

Following the CoCoSo aggregation procedure, three distinct appraisal scores are derived for everyalternative by applying Equations (9), (10), and (11), respectively. Table 5 presents the computed scoresfor all alternatives.
Table 5Appraisal Scores of AlternativesAlternative Tai (Rank) Tbi (Rank) Tci (Rank)

A1 0.0982 (5) 8.1912 (6) 0.6254 (5)
A2 0.9799 (6) 8.3349 (5) 0.6237 (6)
A3 0.1045 (4) 9.0002 (4) 0.6652 (4)
A4 0.8709 (8) 7.4882 (8) 0.5543 (8)
A5 0.1155 (3) 10.9047 (2) 0.7354 (2)
A6 0.0811 (9) 6.9524 (9) 0.5163 (9)
A7 0.0652 (10) 2.1917 (10) 0.4153 (10)
A8 0.1340 (1) 16.9107 (1) 0.8534 (1)
A9 0.0956 (7) 8.0923 (7) 0.6090 (7)
A10 0.1204 (2) 9.9686 (3) 0.6705 (3)

Equation (12) is employed to derive the final composite score for each alternative, with the resultspresented in Table 6.
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Table 6Combine Compromise Scores of AlternativesAlternative CCi (Rank)

A1 3.7671 (6)
A2 3.8176 (5)
A3 4.1119 (4)
A4 3.4222 (8)
A5 4.8934 (2)
A6 3.1794 (9)
A7 1.2809 (10)
A8 7.2121 (1)
A9 3.7106 (7)
A10 4.5170 (3)

The alternatives are ranked in descending order of their final composite scores obtained from thecombined compromise solution (CoCoSo). The resulting ranking is A8 ≻ A5 ≻ A10 ≻ A3 ≻ A2 ≻
A1 ≻ A9 ≻ A4 ≻ A6 ≻ A7.According to the proposed Pythagorean fuzzy Aczel-Alsina CoCoSo method, alternative A8 is iden-tified as the most suitable choice for business investment, while alternative A7 is the least favorable.
5. Findings and Discussion

In this study, we investigated on optimal selection of stock for business investment from severalalternatives and alternatives are ranked using five distinct approaches: Pythagorean fuzzy Aczel-Alsinaweighted aggregation (Si), Pythagorean fuzzy Aczel-Alsina weighted geometric aggregation (Pi), threedifferent types of appraisal scores (Case I, II, III), and by the combine compromise score of Pythagoreanfuzzy Aczel-Alsina-CoCoSo method (CCi). The comparative analysis are presented in the Table 7 andgraphically presented in the Figure 3.
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Table 7Results and discussionMethods Order of Stock InvestmentAczel-Alsina Weighted AggregationPyF-AA-W aggregation (Si) A10 ≻ A5 ≻ A3 ≻ A1 ≻ A2 ≻ A7 ≻ A9 ≻
A4 ≻ A8 ≻ A6.PyF-AA-GW aggregation (Pi) A8 ≻ A5 ≻ A10 ≻ A3 ≻ A2 ≻ A1 ≻ A9 ≻
A4 ≻ A6 ≻ A7.Rank by Appraisal ScoresCase-I (Tai) A8 ≻ A10 ≻ A5 ≻ A3 ≻ A1 ≻ A2 ≻ A9 ≻
A4 ≻ A6 ≻ A7.Case-II (Tbi) A8 ≻ A5 ≻ A10 ≻ A3 ≻ A2 ≻ A1 ≻ A9 ≻
A4 ≻ A6 ≻ A7.Case-III (Tic) A8 ≻ A5 ≻ A10 ≻ A3 ≻ A2 ≻ A1 ≻ A9 ≻
A4 ≻ A6 ≻ A7.Rank by Combine Compromise Score

CCi A8 ≻ A5 ≻ A10 ≻ A3 ≻ A2 ≻ A1 ≻ A9 ≻
A4 ≻ A6 ≻ A7.

The comparative analysis revealed notable consistency among four of the five methods. Specifi-cally, the Pi (weighted geometric aggregation), Case II (Tbi), Case III (Tic), and the CCi (CoCoSo) meth-ods produced identical rankings: A8 first, followed by A5, A10, A3, A2, A1, A9, A4, A6, and A7 last.This strong agreement suggests that these four approaches yield robust and interchangeable resultsfor this decision-making problem. Case I (Tai), while still similar, showed a slight variation in the upperranks: it also placed A8 at the top, but ranked A10 second and A5 third, whereas the previous fourmethods ranked A5 ahead of A10. From the fourth position (A3) onward, Case I remained consistentwith the other four methods. In sharp contrast, the Si (weighted aggregation) method produced adistinctly different ordering: it ranked A10 as the best alternative, followed by A5, A3, A1, A2, A7, A9,
A4, A8, and A6. Notably, while A8 was the top choice in all other methods, Si placed it second to last(ninth position), and A6 was consistently last or near-last across all approaches. These discrepancieshighlight how the choice of aggregation operator (weighted vs. weighted geometric) and the inclusionof appraisal score variations can significantly influence investment recommendations. All findings aresummarized graphically in the Figure 3.

Fig. 3. Comparative Analysis

301



Journal of Contemporary Decision ScienceVolume 2, Issue 1 (2026) 287-304

6. Conclusion and Future Work
This study proposed a novel multi-criteria decision-making framework, termed the PythagoreanFuzzy Aczel-Alsina Combined Compromise Solution (PyF-AA-CoCoSo) method, for the selection of opti-mal stocks for business investment under uncertainty. The framework uniquely integrates Pythagoreanfuzzy sets capable of representing membership, non-membership, and hesitation degrees simultane-ously with Aczel-Alsina t-norm and t-conorm operators, which offer a flexible parameter a to adjustthe aggregation intensity, within the CoCoSo ranking structure. The key findings demonstrate that theproposed method effectively handles ambiguous and incomplete information inherent in expert eval-uations of financial criteria. In the illustrative case study involving ten Indian stocks (A1, A2, . . . , A10)evaluated against eight criteria (ROE, debt-to-equity, EPS growth, P/E ratio, dividend yield, beta, liq-uidity, and institutional holding). the method identified A8) as the optimal investment choice while

A7 consistently ranked as the least favorable.Several critical limitations must be acknowledged. First, the method assumes static expert pref-erences and stock attributes, ignoring the dynamic, time-varying nature of financial markets includ-ing volatility clustering, regime shifts, and macroeconomic shocks. Second, the framework evaluatesstocks independently, failing to account for correlation structures, systemic risk (beta diversification),or portfolio-level optimization constraints such as sectoral exposure limits and risk-return trade-offs.Third, the case study relies on subjective expert evaluations rather than objective historical marketdata, and no empirical validation or backtesting against real-world stock performance (e.g., out-of-sample returns, Sharpe ratios) has been conducted. Fourth, the criteria selection, while financiallyrelevant, lacks statistical validation for multicollinearity or redundancy, and the equal weighting ofexperts may not reflect varying domain expertise.To address these limitations, a comprehensive future research agenda is proposed. First, a dynamicPythagorean fuzzy decision framework will be developed by integrating the proposed CoCoSo methodwith time-series forecasting models such as Long Short-Term Memory (LSTM) networks and GARCH-family volatility models, enabling rolling-window re-ranking of stocks as new market data becomesavailable. Second, the method will be extended to multi-objective portfolio optimization by incorpo-rating correlation matrices, Value at Risk (VaR), and Conditional Value at Risk (CVaR) constraints withina Pythagorean fuzzy environment, allowing simultaneous selection of multiple stocks with diversifi-cation benefits. Third, the criteria selection process will be enhanced using dimensionality reductiontechniques such as principal component analysis (PCA) or fuzzy rough set-based feature selection toeliminate redundancy, and expert weights will be calibrated using the Bayesian Best-Worst Method(B-BWM) to reflect differential expertise. These extensions collectively aim to transform the currentstatic, single-stock evaluation model into a dynamic, portfolio-aware, empirically validated, and be-haviorally grounded decision support system suitable for real-time financial applications.
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